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Abstract

We study how target-space curvature affects the optimization of deep linear networks on
constant-curvature manifolds. We compare an intrinsic squared-geodesic loss with a tangent-
space surrogate that reduces to ordinary least squares. Our main result is that curvature
enters optimization as a discretization cost: gradient flow admits a curvature-free descent
inequality, whereas finite-step gradient descent introduces a Taylor remainder controlled by a
smoothness constant that scales with the Rauch factor Sk (R). Consequently, the stable step-size
ceiling satisfies 7% = O(1/Sk (R)?), shrinking exponentially in y/|K|R under negative curvature,
whereas positive curvature carries no Rauch-factor penalty. In contrast, the tangent-space
surrogate has a curvature-independent Euclidean rate, showing that the dependence arises from
measuring error intrinsically. We further establish linear convergence, absence of spurious critical
points within the analysis tube, a curvature-adaptive step-size schedule, a curvature-dependent
anisotropy in the implicit bias, and tightness of the step-size bound. Experiments confirm the
predicted Sk (R)? scaling.

1 Introduction

Many kinds of data are more naturally described on a curved Riemannian manifold than in Euclidean
space, and a growing body of work places inputs, embeddings, and network activations on such
manifolds. Hyperbolic space is the most prominent example: its exponential volume growth allows
low-distortion embeddings of hierarchical and tree-like data where Euclidean embeddings provably
fail (Sala et al., 2018), which has driven work on Poincaré and Lorentz embeddings (Nickel and
Kiela, 2017, 2018; Gu et al., 2018), hyperbolic neural networks (Ganea et al., 2018; Chen et al.,
2022), and mixed-curvature architectures (Skopek et al., 2019; Wang et al., 2021). The empirical
literature is substantial, yet the effect of target-manifold curvature on the optimization dynamics of
a deep manifold-valued network has not been characterized.

The simplest setting in which to isolate the role of curvature is the deep linear network, the
model whose Euclidean optimization theory is best understood (Saxe et al., 2013; Arora et al., 2018;
Du and Hu, 2019). We consider such a network whose outputs live on a constant-curvature manifold
and compare two natural training losses, an intrinsic loss measuring the squared geodesic distance
on the manifold and a tangent-space surrogate that pulls the targets back to Euclidean space and
performs ordinary least squares. In Euclidean space the two coincide, and Arora et al. (2018) proved
linear convergence. On a curved manifold they come apart, and curvature must enter the convergence
analysis somewhere; this paper locates where. Figure 1 summarizes the mechanism.
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Figure 1: Why curvature enters optimization. (a) A transverse displacement of size ¢ at the base point
o arrives at radius R with size Sk (R)¢: stretched for K < 0, unchanged for K = 0, compressed for
K > 0. (b) Because the intrinsic loss measures error after this warping, a transverse cross-section of F
has curvature Lk g p ~ Sk (R)?, so the hyperbolic landscape is sharper. (c) Gradient descent is stable
only for n < 2/Lk g p, so the transverse ceiling plotted here scales as 1/Sk (R)?, decaying exponentially
in v/kR for K < 0; for K > 0 the unstretched radial direction removes this factor from the global ceiling
(Corollary 11). Panels drawn at R = 1.2. Curvature enters Theorem 3 through the step-size bound, not
through the coeflicient of the guaranteed decrease.

Our Contributions. Curvature does affect the optimization dynamics, and the effect is structured.

For a deep linear network on a constant-curvature manifold trained under the intrinsic squared-

geodesic loss, our core result is a curvature-explicit convergence theory:

1. A descent lemma (Theorem 3) following Arora et al. (2018). Its gradient-flow case (Corollary 4)
carries no curvature constraint; passing to discrete time introduces Lx g p through the Taylor
remainder, isolating the step-size penalty as a discretization cost.

2. A linear convergence theorem (Theorem 9) with ceiling 75 = O(1/Sk (R)?), which decays
exponentially in /| K| R for K < 0 while, by a positive-curvature extension (Corollary 11), K > 0



carries no Rauch-factor penalty.

3. A tangent-space control (Proposition 12): on the same data and weights the surrogate reduces
to the Euclidean setting of Arora et al. (2018) and its rate carries no curvature factor, localizing
the dependence to the intrinsic loss.

4. Four structural consequences: no spurious critical points on the tube (Theorem 13); a
curvature-adaptive schedule removing the Hessian-comparison penalty Hg (D) (Proposition 15);
a Rauch-weighted anisotropy that can change the limit point the flow selects (Proposition 17);
and a sharpness construction showing 3 = ©(1/Sk(R)?) is tight (Proposition 18).

5. An empirical curvature sweep (Section 5) in which the measured near-optimum sharpness
tracks the predicted Sx (R)? across 4,200 configurations.

Proofs, extended related work, and three further experiments are given in the supplementary material.

2 Related Work

Non-Euclidean representation learning. Low-distortion embeddings of trees and hierarchical
metrics (Sala et al., 2018) motivate Poincaré and Lorentz embeddings (Nickel and Kiela, 2017, 2018;
Gu et al., 2018) and a range of manifold-valued architectures: Mébius, fully hyperbolic, and residual
networks (Ganea et al., 2018; Tifrea et al., 2018; Chen et al., 2022; Bdeir et al., 2024; Van Spengler
et al., 2023), hyperbolic attention (Gulcehre et al., 2018), pseudo-Riemannian (Xiong et al., 2022;
Law, 2021), mixed- and adaptive-curvature models (Wang et al., 2021; Skopek et al., 2019; Cho et al.,
2023; Fu et al., 2021), and hyperbolic graph networks (Zhang et al., 2021; Dai et al., 2021; Grover
et al., 2025), with applications to embedding, segmentation, and generative modeling (Khrulkov
et al., 2020; Atigh et al., 2022; Mathieu et al., 2019); see Yang et al. (2022) for a survey and the
supplementary material for a fuller account. These architectures motivate the manifold-valued
setting whose optimization we study; we treat target-manifold curvature as the object of interest
and analyze its bias-free deep-linear case.

Deep linear network optimization. Trajectory analysis of gradient descent for deep linear
networks began with Saxe et al. (2013). Landscape results establish the absence of spurious local
minima (Lu and Kawaguchi, 2017; Laurent and Brecht, 2018; Nouiched and Razaviyayn, 2022; Sun
and Luo, 2016), and Arora et al. (2018) proved linear convergence under approximate balancedness
and a deficiency margin; later work examines width (Du and Hu, 2019), identity initialization (Hardt
and Ma, 2016), gradient alignment (Ji and Telgarsky, 2018), exponential convergence (Shamir,
2019), and residual architectures (Zou et al., 2020). Their factorization-induced preconditioner is the
algebraic core of our descent lemma. Riemannian and convolutional treatments of the deep linear
network (Bah et al., 2022; Menon, 2025; Achour et al., 2025) place the Riemannian structure on the
parameter manifold induced by the factorization, whereas here it is carried by the space in which
the targets live.

Optimization on manifolds. A separate tradition optimizes over manifold-valued parameters
(Absil et al., 2008; Boumal, 2023; Hu et al., 2020; Zhang and Sra, 2016; Bonnabel, 2013), with
variance-reduced (Zhang et al., 2016; Sato et al., 2019) and adaptive (Bécigneul and Ganea, 2019)
extensions. In particular, Criscitiello and Boumal (2022, 2023) show that negative curvature obstructs
acceleration for geodesically convex optimization, a lower bound consistent with our degradation
N = 0(6_2\/ER); there the curvature lives on the parameter space, whereas in ours the parameters
are Euclidean and curvature enters only through the loss. Concurrently, Sarkar (2025) studies



curvature-adaptive generalization and Li et al. (2024) the Lipschitz properties of hyperbolic networks.
To our knowledge, no prior work derives curvature-dependent descent lemmas, linear convergence,
landscape results, adaptive schedules, or implicit-bias characterizations for deep manifold-valued
networks.

3 Preliminaries

Layerwise Riemannian network. Let N > 1. For j =0,...,N, let (M}, g;) be a complete
Riemannian manifold of dimension d; with base point o; € M, and let V; := T, M; ~ R% . Data
are (z,yi)j~y with z; € Mo, y; € My. Layer j applies ®;(h;0;) := exp,, (Fj(log,,_, (h);0;)) with
F; : Vi1 x ©j = V; a tangent-space map. When every F} is linear (Fj(u) = Wju, no bias or
activation), adjacent log, and exp, factors cancel and the network collapses to

hy = expON(WN W logOO(m)). (1)

We write W,y := Wp--- W, and A := Wi.y. On the Poincaré ball, (1) is the telescoping of N
Mobius matrix—vector products W @ x := exp, (W log,(z)) (Ganea et al., 2018); the cancellation
requires every layer to be bias-free and to use one base point o; on both sides of each intermediate
layer, and for K > 0 that every intermediate tangent vector stay inside the injectivity domain, so
Mobius biases break (1) and lie outside our scope.

Model spaces and curvature conventions. Every target manifold below is a simply connected
space form: the unique complete simply connected manifold of constant sectional curvature K € R
in each dimension, hyperbolic for K < 0, Euclidean for K = 0, and spherical for K > 0. We use the
signed curvature K throughout, set x := |K|, and state all theorems in terms of K alone. Where
closed-form exp and log are needed we use the Poincaré ball for the hyperbolic theory and, whenever
K = 0 must be crossed into the spherical case, the k-stereographic model of Bachmann et al. (2020),
which places sphere, plane, and hyperbolic ball in a single chart that is smooth in K. The two charts
agree for K < 0, so no theorem depends on the choice. Throughout, the tangent-coordinate data
(&, 7i) are held fixed as K varies; the intermediate geometries cancel out of (1), so curvature acts
only through the target manifold My, where dx and exp,  are evaluated. The experiments place
every layer on the same model.

Two losses. Write &; = logé((:ci) and g; = log{f(yi). The intrinsic loss and tangent-space
surrogate are

Lr(W) = o S dic (exply (A&), yi)”, (2)
EW) = ﬁ " AG — G2, (3)

where dg is the geodesic distance on the target manifold My, so that all curvature dependence
of the intrinsic loss is carried by the single subscript K. The intrinsic loss measures error on the
manifold after applying the exponential map and so retains the distortions induced by curvature,
whereas the surrogate compares tangent vectors in the Euclidean norm and reduces to ordinary
least squares with target @ := % > Ui&l. The two coincide in the Euclidean case. The end-to-end
pullback is F(A) := ﬁ > i dx(exp,,, (A&),y:)?, so that L (W) = F(Wi.y).



Balancedness and deficiency margin. We impose two algebraic conditions on the initialization.
The first controls the relative scaling of adjacent layers.

Definition 1 (d-balancedness). Matrices W1, ..., Wy are d-balanced if ||W]11Wj+1 - WjWJTHF <4
for all j.

It holds with § = 0 for identity or residual initializations and, with high probability, for small random
ones (Arora et al., 2018), and it makes layerwise gradient descent behave like a well-conditioned
update of A = W1.n.

Definition 2 (Deficiency margin). A matriz W € RIN*% has deficiency margin ¢ > 0 with respect
to @ if [W — ®||p < omin(P) — .

Applied to A(0), this says the initial end-to-end matrix is strictly closer to ® than ® is to the
nearest rank-deficient matrix; the margin keeps the trajectory away from rank-deficient saddles and
keeps opmin(A(t)) bounded below (Lemma 8). It presumes omin (®) > 0, and we assume throughout
that no layer is a bottleneck, min; d; > min(dp, dn), so that ® is representable by the factorization.
For K < 0 the margin takes the curvature-corrected form S (R)(2E(W (0)))'/? < opin(®) — ¢,
with Sk (R) the Rauch factor defined below. Both conditions are algebraic in the weight matrices,
curvature entering them only through this factor.

Comparison-geometry notation. The model sine and cosine are

sin(VKr)/VK K >0,
sng(r):==<qr K =0, (4)
sinh(v/kr)/v/E K <0,

and cng (r) := sn(r). The Rauch factor Sk (R) := snx(R)/R is the transverse stretching of
Dexp,(v) for ||v]| = R, named after the Rauch comparison theorem, which controls how curvature
makes neighboring geodesics spread or converge (Petersen, 2006). Then Sk (R) > 1 for K < 0,
Sk(R) =1 for K =0, and Sg(R) < 1 for K > 0 within the injectivity radius; since the radial
direction is unstretched, || D exp,(v)|lop = Sk(R) := max(1, Sk (R)). The Hessian comparison
function for ¢(p) = 3d(p, q)? is fx (D) := D eng (D) /snk (D), the eigenvalue in transverse directions,
the radial one being 1 (Bridson and Haefliger, 2013); both ratios are extended by continuity,
Sk(0) = fx(0) = 1, and the Hessian bound is Hx (D) := max(1l, fx(D)). Let Bg(R) :=
sup|y<r |D? €xp,(v)||op. The tube Tg p is the set of A with [|A&]| < R and d(exp,,, (A&),yi) < D
for all 7, and the smoothness constant is

Lirp =% 0" 612 [Sk(R)*Hk (D) + D B (R)]. (5)

4 Main Results

4.1 Descent Lemma for the Intrinsic Loss

One gradient step decreases F by a definite amount provided the step size does not exceed a curvature-
dependent ceiling; everything below follows by iterating this guarantee. Hypotheses (1)—(2) make A
bounded and nondegenerate, (3) makes the factorized gradient a well-conditioned preconditioner,
and (4) confines the update to the tube.



Theorem 3 (Descent lemma). Let K <0 (Theorem 10 covers K >0), let A= Wi.x € Trp and
G := Vs F(A). Suppose: (1) |[Wjllop < M; (2) omin(A) > 0; (3) the factors are sufficiently balanced:
PP HW;H:NGWf:j_lH%{S > 300min (AN VNG E; (4) the segment [A, AT] C Tr,p. Then there
exists Cn > 0 such that if

nCn (M3N_4GK,R,D + LK,R,DM4N_4)

< Lomin (AN,

(6)

where Gk, r,D = SUPpeTy, , [IVaF (B)llus, then gradient descent Wf =W; —nVw, Lk gives
F(AY) = F(A) < =3 omin (AN G g (7)

Proof sketch. The argument has two stages. Stage 1 (gradient flow). Under 0-balanced factors and
continuous time the end-to-end matrix evolves as A = —P4(G), where the factorization-induced
preconditioner P4(G) = ; Wit NW;H: NGWT j—1W1j—1 Is positive semidefinite with eigenvalues
at least opmin(A)2N=D/N (Arora et al., 2018); the chain rule then gives LF = —(G,Pal@)) <
—Omin(A)*N=D/N|| @12, with no Taylor remainder and no curvature dependence. Stage 2 (discretiza-
tion). A finite step gives A* — A = —P4(G) + R, with | R,|lus < Cnn?M3*N 4Gk r p||G|lus,
and bounding the quadratic Taylor term needs Lg r p-smoothness of F. This is where curvature
enters: the Hessian of the pullback splits into a term pairing V2¢; with D exp-A¢&;, bounded by
Sk(R)2Hg (D), and a term pairing V¢; with D? exp, bounded by D By (R), which together give (5).
Hypothesis (3) makes the first-order term coercive and (6) caps the collected error at a third of it,
leaving (7).

Inequality (7) separates where curvature does and does not act. The guaranteed decrease is
proportional to omin(A)2N"D/N|G|%g, a factor fixed by the depth-N factorization and identical to
the Euclidean deep-linear case (Arora et al., 2018). Curvature constrains only the admissible step
size, through Lk g p in (6): a more negatively curved output manifold lowers the largest stable 7,
while the coefficient multiplying ||G||%g is unchanged.

Corollary 4 (Gradient flow: curvature-free descent). For 0-balanced factors, a condition the flow

preserves, the gradient flow Wj = —Vw, Lk satisfies
d 2AN=1)/N || |2
2.7 (A7) < —0omin(4) 1Gs (8)

with no curvature-dependent constraint.

Remark 5 (Curvature as a discretization cost). Li g p enters only in Stage 2. In continuous time
there is no Taylor remainder, so no curvature constraint. The step-size penalty nj, = O(e*ZﬁR) 18
a discrete-time phenomenon.

The step-size constraint (6) is satisfied whenever

. O_min(A)Q(N—l)/N
NS Nk = 3N_4 IN—4)° 9)
4CN (M Gk,r,D + Lx,rpM )

Since Sk (R) increases with |K| for K < 0, nj; decreases with |K| and at K = 0 recovers the
Euclidean bound; for /&R > 1, 75 = O(e 2V*E). As Sk (R) depends on K and R only through
VKR, the penalty is set by the trajectory radius in units of the curvature scale 1/4/k, not by the
curvature alone.



4.2 Linear Convergence

An end-to-end rate requires converting the gradient norm into the gap and showing that the
hypotheses of Theorem 3 persist along the trajectory. The second geometric constant enters here:
Bg (R) measures the second-order deviation of exp from a linear map, and the corresponding Hessian
term can be negative, so ux =1 — D Bg(R) for K < 0. Thus Sk constrains the step size and By
the rate.

Lemma 6 (Local strong convexity of the pullback). Assume the data are whitened, meaning
LS && =1, and that the tube is narrow enough that p = min(1, S (R)? fx (D)) — D Bg(R) > 0.
Then D*F(A)[A, A] > uk||A|l%g on the tube, so F is juy -strongly convex along any segment contained
in it. For K <0 the minimum equals 1, giving ux =1 — D Bg(R), and py = 1.

Proof sketch. The Hessian splits as in Theorem 3, and each term is now bounded from below. The
radial eigenvalue of V2¢; and the radial singular value of D exp (Gauss lemma) are both 1, and the
transverse ones are fx (D) and Sk (R), both > 1 for K <0 and both <1 for K > 0; together they
bound the first term below by min(1, Sk (R)?fx (D))||A&]|?>. The second term can be negative, and
Cauchy—Schwarz with ||V¢;|| < D and ||D?exp ||op < B (R) bounds it below by —D By (R)||A&|2.
Whitening converts = 3" [|A&]? into [|A||g.

Lemma 7 (Gradient dominance). Under the hypotheses of Lemma 6, let A* minimize F on the
tube. If [A, A*] C Tr.p then |VaF(A)|? > 2ur(F(A) — F*).

Proof sketch. Integrating the Hessian lower bound of Lemma 6 along the segment joining two points of
the tube gives the strong-convexity inequality. Minimizing its right-hand side over the displacement
and evaluating at a minimizer yields the Polyak—t.ojasiewicz bound (Nesterov et al., 2018).

Lemma 8 (Trajectory containment). Fixz ® and ¢ > 0, and let the data be whitened. There exist
80,m0 > 0 such that if the initialization is do-balanced with deficiency margin ¢ and n < min(nj, no),
then for allt > 0: (a) A(t) € Tr () with R := max; max(2||®[|¢||&l], [|7:l]), which also contains
the targets, and D(0) := (2m F(A(0)))Y/2; (b) the factors remain 25y-balanced, so hypothesis (3) of
Theorem 3 holds; (¢) omin(A(t)) > .

Proof sketch. Induction on ¢, applying Theorem 3 at each step. Part (b) is algebraic and reproduces
the balancedness-preservation argument of Arora et al. (2018): the change in the balancedness defect
over one step is O(n?||G||?) and telescopes to at most 5y once the summed decrease of F is used, which
is small enough to leave the coercivity hypothesis (3) intact. For (c), exp,, is expanding and Sk (R)-
Lipschitz for K < 0, so monotonicity of F gives || A(t)—®||r < (2F(A(0)))/2 < Sk (R)(2£(W(0)))'/2,
and the corrected margin gives omin(A(t)) > ¢’. For (a), max; d(exp(A(t)&),y:)? < 2mF(A(t)), so
the same monotonicity keeps A(t) in the tube.

Theorem 9 (Linear convergence). Let the curvature be nonpositive, K < 0, and suppose the data
are whitened. Assume the initialization is 0-balanced with deficiency margin ¢ > 0, and that it starts
inside a tube narrow enough that A(0) € Tg p(o) with D(0) Bk (R) < 1, for D(0) as in Lemma 8.
Finally, let the step size respect the curvature-dependent ceiling, n < 0} evaluated at omin(A) = ¢
and D = D(0), with [A(t), A*] C Tg,p(o) as in Lemma 7. Then

FAT)) = F* < (1= e (PN D)

(10)
X (F(A0)) = F7).



The iteration count to reach F — F* < ¢ is

T=0 (M NGk ro) + MY Lk R D)

T "
x log ((OZ)_) .

Proof sketch. Lemma 8 certifies that the hypotheses of Theorem 3 and Lemma 6 hold at every
iteration. Substituting ||G(t)||%s > 2k (F(A(t)) — F*) and omin(A(t)) > ¢ into (7) turns the
single-step decrease into the contraction (10), which iterates; solving (1 — p)TAF(0) < e with
log(1—p) < —p and inserting n = 7} gives (11), whose leading curvature factor is the Sk (R)? inside
L r,p(0), the remaining one being H (D(0)).

At K =0 we have g = 1 and (10) recovers the guarantee of Arora et al. (2018). On a curved
manifold two factors appear: 0} = O(1/Sk(R)?) shrinks with |K| for negative curvature, and
ux = 1 — D Bg(R) also decreases, weakening gradient dominance. The mechanism itself, the
preconditioner induced by depth, is manifold-agnostic.

4.3 Extension to General Constant Curvature

The analysis above extends to arbitrary constant sectional curvature. The proof of Theorem 3 uses
four comparison-geometry bounds: || D exp |lop = Sk (R), [|[D?*exp |lop < B (R), ||V2¢illop < Hix (D),
and ||V¢;|| < D, which hold globally for K < 0 and within the injectivity radius for K > 0.

Theorem 10 (General curvature). Theorem 3 holds for constant sectional curvature K € R with
the constants Sk (R), Hy (D), Bx(R) from Section 3, provided R < ©/(2VK) and D < n/(2VK)
when K > 0.

Proof sketch. The four bounds enter the proof of Theorem 3 only through Lx g p and Gk r p, and
the Jacobi-field comparison theorems that yield them hold on any constant-curvature space within
the injectivity radius. For K > 0 the model sine satisfies sng(r) < 7 on (0,7/VK), so Sk (R) < 1,
while Bx (R) and Hg (D) stay finite under the stated radius constraints, which also keep log,,, (v;)
single-valued. Everything else is algebraic in the weight matrices, so only the numerical values of the
geometric constants change with the sign of K.

Corollary 11 (Positive curvature carries no Rauch-factor penalty). Let the curvature be positive,
K >0, and assume the radius and the residual stay within the injectivity radius, so that VKR < /2
and VKD < w/2. Then: (1) Sg(R) =sin(vVKR)/(VKR) < 1; (2) Hx(D) = 1; (3) Sx(R) =1, s0
Lg.rp = Lo,r,p as D — 0; (4) ng — ng.

Proof sketch. With = VKR € (0,7/2), sinf < 6 gives (1); with a = VKD € (0,7/2), tana > «
gives fx(D) = acota € (0,1) and hence (2). The contraction Sk (R) < 1 is felt only transversally,

the radial direction being unstretched, so . k(R) =1 and (5) tends to its Euclidean value as D — 0,
giving (3) and hence (4).

4.4 The Tangent-Space Surrogate as a Control

Whether the cost above is inherent or an artifact of measuring error on the manifold is settled by
training the surrogate on the same network, weights and data.



Proposition 12 (Curvature-free rate). Under d-balancedness, deficiency margin ¢ > 0, and a
step size n < n5(c/, N, ||®||r), gradient descent on & (3) converges linearly: E(W(T)) — E* < ¢ for
T > (n()*N=D/Ny=Tlog((E(W(0)) — £%)/e), where E* := miny E(W). The step size, contraction
factor, and iteration count are all independent of the curvature K.

Proof sketch. Once the logarithmic maps have produced &; and ¥;, the surrogate is Euclidean: for
whitened data E(W) = i[|A — @[3 + £*, so VaE€ = A — @ contains no D exp, no log,,, and no
Rauch factor. The pullback is 1-smooth and 1-strongly convex, and the objective is exactly the one
analyzed by Arora et al. (2018), whose theorem applies verbatim; every constant in it depends only
on ¢, N, and ||®||, all fixed once the tangent-space data are.

The curvature dependence of Theorem 9 therefore originates from measuring error on the manifold,
not from the architecture or the data distribution. At K = 0 the two losses coincide (Lo = &), and
so do the two guarantees; for K # 0 the difference between them is the geometric cost quantified by
Sk(R)? and pg.

4.5 Landscape of the Intrinsic Loss

Theorem 9 gives convergence to a global minimum but does not rule out spurious critical points
elsewhere on the tube. The Euclidean landscape result of Laurent and Brecht (2018) has a local
counterpart here.

Theorem 13 (No spurious critical points on the tube). Under the hypotheses of Lemma 6 (constant
curvature K, whitened data, i > 0), every critical point A of F on the tube with [A, A*] C Trp
minimizes F on the tube: VaF(A) = 0 = F(A) = F*. For K < 0 this holds on any tube with
D Bg(R) < 1. For K > 0 it holds within the injectivity radius.

Proof sketch. Apply Lemma 7 at a critical point: 0 = ||V 4F(A)|> > 2ux (F(A) — F*), and pux > 0
forces F(A) = F*. On a Hadamard manifold the required input, Vg%dQ = I, holds globally. On a
sphere the two comparison factors drop below 1 rather than failing, so pux takes its general form;
beyond the cut locus fx (D) turns negative and ¢; ceases to be smooth, which is why the injectivity

restriction appears.

Remark 14. Curvature changes the convergence rate but not this conclusion, affecting only the size
of the admissible tube and the value of ur. The statement is local, and concerns F rather than the
factorized loss.

4.6 Curvature-Adaptive Step-Size Schedule

The ceiling 7}, uses the worst-case residual D(0), so it pays the full penalty Hx (D(0)) throughout
training; tying the step size to the current residual removes it.

Proposition 15 (Adaptive schedule). Under the hypotheses of Theorem 9, define D(t) :=
max; d(exp(A(t)&),yi), set n(t) via (9) with D = D(t), and halve it until the step satisfies (7).
Then: (1) the backtracking terminates and every accepted step obeys (7); (2) late in training,
when D(t) < 1/v/k, n(t) > co/Sk(R)? and the contraction factor approaches (1 — c1/Sk(R)?),
independent of Hr ; and (3) the resulting late-phase rate gives Tagaptive S Tixed/Hi (D(0)).

Proof sketch. Backtracking terminates because F is smooth near A(t), and the accepted step
lies in T p(t), so the smoothness bound may be evaluated at D(t) rather than D(0), giving (1).
As D — 0, Hg(D) = 1+ O(kD?) — 1 and D Bg(R) — 0, so Lg g pa — Sx(R)?% >, €]
and px; — 1, giving (2); the ratio of the two iteration counts then leaves [Sk(R)?>H (D(0)) +
D(0)Bk (R))/(nx Sk (R)?) ~ Hg (D(0)), which is (3).



Remark 16. For K < 0, Hx(D) > 1 when the initial residual is large, so the fized schedule is
overly conservative; as D(t) — 0 the rate approaches the Euclidean one up to Sk (R)?, an intrinsic
cost no schedule can remove (Section 4.8).

4.7 Implicit Bias under Curvature

When a model is overparameterized the loss admits many global minima, and the one gradient
descent selects is fixed by the algorithm and initialization, an effect known as implicit bias. For
shallow Euclidean matrix factorization, Gunasekar et al. (2017) and Li et al. (2018) point to the
minimum-nuclear-norm solution; for deeper factorizations Arora et al. (2019) and Razin and Cohen
(2020) argue that no norm captures the bias. The proposition below describes how curvature modifies
that selection.

Proposition 17 (Curvature-dependent gradient anisotropy). Consider gradient flow on Lk with

0-balanced initialization W;(0) = o'/NU; (a — 0%), and assume the targets lie inside the curvature

scale, \/kmax; ||y;|| < 1. Then:

1. Early phase (||A|| < 1): V24|, = I+O(k||5:|%), so VaF = VAE+O(kmax; ||7: ||| Al + || A]|%)
the initial implicit bias is curvature-free to leading order and matches the Fuclidean one, whatever
that bias is taken to be.

2. Late phase (|A| = ©(1)): the intrinsic gradient Gx = — = >"[D exp(A&)]* log,, (y:)&; weights
SVD direction k by Sk (ok||&||) when & aligns with the k-th right singular vector, so for K < 0
transverse residual components are amplified and the flow reduces transverse error faster than

radial error.

3. Fized-point condition: at a limit point A* of the flow, G (A*) € ker(Pa+), which is informative
whenever the residuals do not vanish. Since G depends on K through the Rauch-weighted adjoint,
curvature can change the selected limit point; at K = 0 this reduces to Euclidean stationarity.

Proof sketch. For (1), V2¢;|, has radial eigenvalue 1 and transverse eigenvalue fx(||7]) = 1+
O(k||%i||?), so whitened data give Gx = (A — ®) + O(kmax; ||7;||?||A]| + [|A]?), and as o — 0%
the trajectory spends arbitrarily long in this neighborhood. For (2), [D exp,(v;)]* scales the radial
component of the residual by 1 and each transverse component by Sk (||v;||), and ||v;|| = ok||&|| when
& aligns with the k-th right singular vector of A. For (3), a fixed point of A = —P4(Gg) satisfies
Pa<(Gr(A*)) =0, and ker(P4+) is the orthogonal complement of the column and row spaces of A*.

4.8 Sharpness of the Step-Size Bound

Theorem 9 guarantees convergence whenever n < 75 = O(1/Sk(R)?). This ceiling cannot be
improved.

Proposition 18 (Sharpness). For every K < 0 and R > 0 there is a configuration with dy >
2, dy =1, N =1, m = 1 in which Ay is a zero-loss minimizer and: (1) D*F(Ag)[A,A] =
L rollAllks = Sk (R)?||All}g for transverse A; (2) gradient descent at A is linearly unstable for
every 11 > 2/Sk(R)?; (3) hence neris = 2/Sk(R)? = ©(1/Sk(R)?).

Proof sketch. Take one data point with {; = 1 and target y = exp, (Re1), so ap = Re; has zero
loss and V.F(ag) = 0. The residual vanishes, so the D? exp term drops out and V?¢;|, = I, leaving
D?*F(ag)[A, A] = ||Dexp,, (Re1)A||?: this is ||A||? radially and Sk (R)?||A||? transversally, so the
Rauch bound is attained and Lx ro =S x(R)? for K < 0, giving (1). At a stationary point gradient
descent linearizes to A — (I —nD?F(ag))A, whose transverse multiplier 1 — 7S (R)? has modulus
above 1 exactly when n > 2/Sk(R)?, giving (2) and (3).
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(a) convergence and K-0 collapse (b) sharpness at optimum
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Figure 2: Optimization of the deep-linear network against the signed sectional curvature K at fixed radius
R = 1.2. (a) Intrinsic-loss trajectories at a fixed step size, with the Euclidean tangent surrogate dashed.
(b) Near-optimum sharpness A%, the top eigenvalue of D2F in the end-to-end matrix A at the converged
solution, whose reciprocal 2/}, is the local stability ceiling for gradient descent in A; points are means over
the 50 seeds and error bars are 95% confidence intervals. (c) Measured ratio A} /Aj against the predicted
Sk(R)? (identity dashed). (d) d-balancedness defect max; [|[W,!,, W; 1 — W;W,"||p along training, which
stays < 107! at every curvature.

5 Experiments

Setup. We validate the theory on the deep-linear network of Section 3 with every layer on the
same constant-curvature model, using the k-stereographic chart of Section 3 so that K can be swept
continuously through K = 0. The experiments use (1), (2) and (3), with gradients taken with respect
to the individual factors W;. Unless stated otherwise we use depth N = 3, width d = 6, m = 300
samples, radius R = 1.2, an exactly balanced initialization (6 = 0, each W; a scaled orthogonal
matrix), and 50 seeds. One tangent-space regression problem is generated once and reused at every
curvature via 2 = exp, (), 4 = exp, (7). The inputs are isotropic with ||| < R, so their
population covariance is a multiple of the identity and the sample covariance is close to it, a scale
that cancels in X} /Aj. All quantities are evaluated in double precision; we run full-batch gradient
descent at a fixed step (7 = 0.02) until convergence and obtain A}, by power iteration (80 steps) on
Hessian—vector products in A at the converged solution.

What the theory predicts. Because Lk g p is a worst-case bound, the largest stable step from
a high-residual start is dominated by the large-D region and is nearly curvature-flat, so it is not an
informative probe. The informative quantity is the late-phase sharpness: as D(t) — 0, Proposition 15
collapses the transverse part of L g p«) to Sk (R)? % >~ 112, so the top eigenvalue X% of D2F
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at the converged solution should scale as Sk (R)? and set the local ceiling n* = 2/\%.

Results. Figure 2 reports four measurements against signed curvature K € {1, %, 0, —%,
—1,—-2,-4,-6,—8} at R =1.2. (a) At a fixed step size every curvature converges linearly, and at
K = 0 the intrinsic loss coincides with the Euclidean surrogate to machine precision, the collapse
Ly = & of Proposition 12. (b) The near-optimum sharpness A} is monotone in K, rising from Aj by
a factor of ~29 at K = —8, so the stable step 2/\* tightens by that factor near the optimum, and
falling for spherical K > 0, where exp contracts transverse directions. (c) Plotting A} /\j against
Sk (R)?, the points closely follow the identity line, confirming the Sk (R)? scaling of the late-phase
smoothness constant, with mild upward deviation at strong curvature from the Hy, By terms of (5).
(d) The d-balancedness defect stays < 107! at every curvature, so the factors remain approximately

balanced along the trajectory.

Robustness and further experiments. Repeating the measurement across 4 radii
R € {0.8,1.0,1.2,1.5}, 3 architectures ((N,d) € {(2,4),(3,6),(4,10)}), 50 seeds and the 7
curvatures K € {%,O,—%, —1,-2,—4,—-6} (4-3-50-7 = 4,200 configurations) gives the same
picture: 22 of the 28 radius—curvature pairs satisfy m R < 2, where the comparison-geometry
constants are well behaved, and 94% of those 3,300 configurations fall within 1.5x of the predicted
Sk (R)? (geometric mean 0.95), independently of depth and width, with agreement weakening
toward the injectivity boundary (Figure S3). Three further experiments appear in the supplement:
a fixed-step collapse check at K = 0 (Figure S1); the surrogate control of Proposition 12, whose
normalized curves coincide across all K (Figure S2); and 50 balanced in-tube initializations at
each of K € {0,—1,—4}, all reaching the known global minimum numerically, consistent with
Theorem 13 (Figure S4).

Scope and limitations. These experiments validate the sign and shape of the theory rather
than its constants, and A% tracks Sk (R)? only up to the higher-order Hy, B terms. The setting
is deep-linear and bias-free on one constant-curvature manifold; nonlinear activations and Mobius
biases fall outside our scope.

6 Conclusion

For deep linear networks trained with an intrinsic loss on a constant-curvature manifold, curvature
affects discrete-time optimization through the smoothness constant L g p. The differential descent
inequality carries no curvature-dependent restriction, while gradient descent requires a stable step
size 0} = O(1/Sk(R)?), yielding linear convergence with iteration count O(Lg g p/pur). Negative
curvature reduces the admissible step size, whereas positive curvature carries no Rauch-factor penalty.
We also establish a benign local landscape, a curvature-adaptive schedule, a curvature-dependent
anisotropy in the implicit bias, and tightness of the step-size scaling, while the tangent-space surrogate
remains curvature-independent. Thus, target-space curvature governs the stable learning rate and
convergence complexity.
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Supplementary Material
The Influence of Curvature on Deep Linear Networks
on Riemannian Manifolds

This document accompanies the paper The Influence of Curvature on Deep Linear Networks on
Riemannian Manifolds. It is self-contained: Appendix A restates the setting, the notation, and
every formal statement of the main paper, using the same numbering, so that no result below has to
be looked up elsewhere. Appendix B gives an extended account of related work, Appendix C the
coordinate models used for the constant-curvature target manifold, Appendix D the complete proofs,
and Appendix E the full experimental protocol together with three further experiments.

A Setting, Notation, and Statements

A.1 The Layerwise Riemannian Network

Let N > 1. For j =0,...,N, let (M, g;) be a complete Riemannian manifold of dimension d;
with base point 0; € M, and let V; := T, M; ~ R% . The identification Vj >~ R% is fixed to be a
go;-orthonormal frame, so that the Euclidean norm on RY% used in the surrogate (3) is the base-point
metric norm || - ||goj§ equivalently, the coordinates are rescaled so that the conformal factor is
normalized to Ap; =1 at the base point. With this convention exp,, is a radial isometry in the norm
used throughout (its radial singular value is 1, as invoked in Appendices D.1, D.2, and D.6), and at
K = 0 the space form is flat with exp,, an isometry, so do(exp,,, (A&;), exp,, (7:)) = [|A& — | and
the two losses coincide, Ly = €. The closed-form ball and stereographic formulas of Appendix C are
written in the ambient chart, whose conformal factor A, = 2/(1 4 k||x||?) satisfies A\, = 2; they relate
to the orthonormal tangent coordinates above by the constant factor A, at the base point, which
is absorbed once and for all by this normalization. Data are (z;, ;)" with z; € My, y; € M.
Layer j applies ®;(h;0;) := exp, (Fj(log,,_,(h);0;)) with Fj : V;_1 x ©; — Vj a tangent-space map.
When every Fj is linear (F;(u) = Wju, no bias or activation), adjacent log, and exp,, factors cancel
and the network collapses to

hy = expoN(WN - Wy log,, (2)). (1)

We write Wy := Wy --- W, and A := W1q.n. Every target manifold is a simply connected space form
of constant sectional curvature K € R, hyperbolic for K < 0, Euclidean for K = 0, and spherical for
K > 0; we set k := |K|. The coordinate models are described in Appendix C.

A.2 The Two Losses

Write &; := log{f (x;) and g; := logé{ (yi). The intrinsic loss and the tangent-space surrogate are
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m 2
Lx(W) = 5 337 dic (expg (A), 4i) (2)
EW) = g o1 A& — Gill?, (3)
where d is the geodesic distance on the target manifold M . The surrogate reduces to ordinary least
squares with target ® := L 3" 7;¢*. The end-to-end pullback is F(A) := 55 >, dg (exp,, (A&), i),
so that Lx(W) = F(Wi.n).

A.3 Balancedness and Deficiency Margin

Definition 1 (d-balancedness). Matrices W1, ..., Wy are d-balanced if ||W]'T|-1Wj+1 - WjW]THF <4
for all j.

Definition 2 (Deficiency margin). A matriz W € RIN*% has deficiency margin ¢ > 0 with respect
to @ if [W — ®||p < omin(P) — .

Definition 2 presumes opmin(®) > 0, and we assume throughout that no layer is a bottleneck,
min;j d; > min(dp,dy), so that ® is representable by the factorization. For K < 0 the margin
is imposed on A(0) in the curvature-corrected form Sg(R)(25(W(0)))'/? < omin(®) — ¢, with
Sk (R) the Rauch factor of Appendix A.4; at K = 0 this is a loss-based sufficient strengthening of
Definition 2: it reads (26(W(0)))"/? < owmin(®) — ¢, which since 2£(W(0)) = ||A(0) — ®||% + 2E*
reduces to Definition 2 in the realizable case £* = 0 and is otherwise strictly stronger.

A.4 Comparison-Geometry Notation

The model sine and cosine are

sin(vVEKr)/VK K >0,
sng(r):=qr K =0, (4)
sinh(yv/kr)/v/k K <0,

and cng (r) := sn(r). The Rauch factor Sk (R) := snx(R)/R is the transverse stretching of
Dexp,(v) for ||v] = R; it exceeds 1 for K < 0, equals 1 for K = 0, and is below 1 for K > 0
within the injectivity radius. Since the radial direction is unstretched, the operator norm of the
differential is || D exp,(v)|lop = Sk (R) := max(1, Sk (R)). The Hessian comparison function for
¢(p) = 3d(p,q)? is fx(D) := Deng(D)/sng (D), the eigenvalue in transverse directions, the radial
one being 1; both ratios are extended by continuity, Sk (0) = fx(0) = 1, and the Hessian bound is
Hp (D) := max(1, fx(D)). Let Bx(R) := sup|,|<r | D? exp,(v)|lop- The tube Tg p is the set of A
with |[A&|| < R and d(exp,, (A&:),y:) < D for all i, and the smoothness constant is

Lkrp = £ 3" 162 [Sk(R)*Hk (D) + D Bk (R)]. (5)

A.5 Statements of the Results

The results below use the numbering of the main paper and are stated with the precise hypotheses
and conclusions used in the proofs of Appendix D. Some main-text statements suppress technical
conditions for readability; the formulations here specify the applicable tube, initialization, step-size,
and curvature regimes. In particular, the trajectory-containment and linear-convergence results
(Lemma 8, Theorem 9) are established for K < 0; the positive-curvature extension (Theorem 10)

18



concerns the one-step descent result within the stated radius restrictions. For K > 0 the operator-
norm Rauch factor is Sk (R) := max(1, Sk (R)) = 1, so positive curvature carries no transverse
Rauch-factor penalty in the smoothness upper bound; this alone does not imply a strictly larger
worst-case step-size ceiling than in the Euclidean case. All subsequent statements and proofs should
be read under the hypotheses stated here.

Theorem 3 (Descent lemma). Let K <0 (Theorem 10 covers K >0), let A= Wi.xy € Tr.p and
G := V4 F(A). Suppose: (1) ||Wijllop < M; (2) omin(A) > 0; (8) the factors are sufficiently balanced:
> HW;H:NGWf:jle%S > 300min(A)2N VNG| (4) the segment [A, AT] C Trp. Then there
exists Cy > 0 such that if

nCn (M3N_4GK,R,D + Lg,ppM*N ™)

) (6)
< Lomin (AN,

where Gk, r,D = SUPpeTy, , IVaF (B)llus, then gradient descent W; =W; —nVw, Lk gives

F(AT) = F(A) < =F omin(A)* VNG s (7)
Corollary 4 (Gradient flow: curvature-free descent). For 0-balanced factors, a condition the flow
preserves, the gradient flow W; = —Vw, L satisfies
d
T (AT) = —min(A)* NN G (8)

with no curvature-dependent constraint.

Remark 5 (Curvature as a discretization cost). Li g p enters only in Stage 2. In continuous time
there is no Taylor remainder, so no curvature constraint. The step-size penalty nj, = O(e_QﬁR) 18
a discrete-time phenomenon.

The step-size constraint (6) is satisfied whenever

O'min(A)Q(N_l)/N

<mr o= . 9
1= Mk ACN(M3N=4Gk pp + Li rpM*N—4) ©)

Lemma 6 (Local strong convexity of the pullback). Assume the data are whitened, meaning
LS &€& =1, and that the tube is narrow enough that g = min(1, Sg(R)? fx (D)) — D Bg(R) > 0.
Then D*F(A)[A, A] > uk||All%g on the tube, so F is pu -strongly convex along any segment contained
in it. For K <0 the minimum equals 1, giving ux =1 — D Bg(R), and o = 1.

Lemma 7 (Gradient dominance). Under the hypotheses of Lemma 6, let A* minimize F on the
tube. If [A, A*] C Tr.p then |VaF(A)|? > 2ur(F(A) — F*).

Lemma 8 (Trajectory containment). Let K < 0. Fiz ® and ¢ > 0, and let the data be whitened.
There exist dg,nmo > 0 such that if the initialization is dg-balanced with deficiency margin ¢ and
n < min(nj,mo), then for allt > 0: (a) A(t) € Tp p with R := max; max(2[|®||r||&]], |7:]]), which
also contains the targets, D(0) := (2m F(A(0)))"/? the endpoint residual bound, and D := D(0) + ép
a fized tube radius with slack dp > 0 chosen before ng so that every update segment stays in the tube;
(b) the factors remain 20¢-balanced, so hypothesis (3) of Theorem 3 holds; (¢) omin(A(t)) > .
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Theorem 9 (Linear convergence). Let the curvature be nonpositive, K < 0, and suppose the data are
whitened. Assume the initialization is d-balanced with 6 < 8y and deficiency margin ¢ > 0, and that
it starts inside a tube narrow enough that A(0) € Tg p with D Bk (R) < 1, for the fized tube radius
D = D(0)+0p and the constants &y, mo of Lemma 8. Finally, let the step size satisfy n < min(n},no),
with 1) evaluated at owin(A) = ¢ and D = D and [A(t), A*] C Trpp as in Lemma 7. Writing
pr :=1— D Bg(R), then

FAT)) = F* < (1= npue (¢ 2N =0/ T

(10)
x (F(A(0)) = F7).
The number of steps to reach F — F* < e is, for the actual step size 1,
1 F(A0)) — F*
T> o i (@27 log . . (11)

If, in addition, nj; is the active restriction (nj = O(no)) and n = ©(nk), substituting the ceiling (9)
evaluated at D gives the n-independent form

T — O(M?’N_A‘GK,R,D + M Lgpp

. (C/)4(N7*1)/N (12
% log ]:(Ami) -7 )

Theorem 10 (General curvature). Theorem 3 holds for constant sectional curvature K € R with the
constants Sk (R), Hi (D), Bg(R) from Appendiz A.4, provided R < 7/(2VK) and D < 7/(2VK)
when K > 0.

Corollary 11 (Positive curvature carries no Rauch-factor penalty). Let the curvature be positive,
K >0, and assume the radius and the residual stay within the injectivity radius, so that VKR < 7 /2
and VKD < 7/2. Then: (1) Sk(R) = sin(VEKR)/(VKR) < 1; (2) Hx(D) = 1; (3) Sk(R) = 1, so
Lx rp — Lorp as D —0; (4) nje = n§.

Remark. This is a statement about the worst-case operator-norm bound. It removes the transverse
Rauch-factor penalty but does not, by itself, establish 1z > ng for D > 0. Smaller empirical Hessian
eigenvalues in particular datasets are compatible with, but not implied by, this bound.

Proposition 12 (Curvature-free rate). Suppose the data are whitened (L 3. & = Iy,). Under
§-balancedness, deficiency margin ¢ > 0, and a step size n < 15(c/, N, ||®||r), gradient descent on
£ (3) converges linearly: EW(T)) —E* < e for T > (n(¢)?N=D/N)=Llog((E(W(0)) — £*)/¢), where
E* :=miny E(W). The step size, contraction factor, and iteration count are all independent of the
curvature K.

Theorem 13 (No spurious critical points on the tube). Under the hypotheses of Lemma 6 (constant
curvature K, whitened data, pi > 0), every critical point A of F on the tube with [A, A*] C Tr,p
minimizes F on the tube: VaoF(A) =0 = F(A) = F*. For K < 0 this holds on any tube with
D Bg(R) < 1. For K > 0 it holds within the injectivity radius.

Remark 14. Curvature changes the convergence rate but not this conclusion, affecting only the size
of the admissible tube and the value of pur. The statement is local, and concerns F rather than the
factorized loss.
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Proposition 15 (Adaptive schedule). Assume the hypotheses of Theorem 9 and use the fized tube
Trp of Lemma 8. At iteration t, form a positive trial step from (9) using the current residual
D(t) := max; d(exp(A(t)&),v:), cap it by no, and halve it until both

[A(t), At +1)] C Trp

and the descent inequality (7) hold. Then the backtracking terminates, every accepted step obeys (7),
and the variable-step trajectory retains the containment, balancedness, and singular-value conclusions
of Lemma 8.

Remark 16. Main-text Proposition 15 items (2)—(3) — the late-phase step-size lower bound and
the Hi (D(0)) speedup — are stated here as the conditional late-phase claims of Remark 17, since
the argument establishes them only asymptotically and under the additional conditions listed there,
not as whole-trajectory guarantees.

Remark 17. For K < 0, the fized ceiling can be conservative when the initial residual makes
Hy (D(0)) large. Conditional on the trajectory entering a regime in which D(t) — 0, the G g p()
and D(t)Bk(R) terms are not dominant, accepted steps stay within a constant factor of the in-
stantaneous trial ceiling, and the required segment containment continues to hold, the leading-order
late-phase smoothness is proportional to Sk (R)?. Under these additional conditions the late-phase
contraction scales as 1 — c/Sk(R)?, and a comparison with the initial fized ceiling suggests a speedup
of order Hi(D(0)). This is a conditional asymptotic comparison, not a global iteration-complexity

bound or a proved lower bound on every accepted step.

Proposition 18 (Curvature-dependent gradient anisotropy). Consider gradient flow on Ly with

0-balanced initialization W;(0) = o'/NU; (a — 0F), whitened data (2 3°,&¢& = 14,), and targets

inside the curvature scale, \/rk max; ||g;|| < 1. Then:

1. Early phase (||A]| < 1): V2¢ilo = I+O0(k||7:]|?), so VAF = VAE+O(kmax; |7 % Al + || Al|?).
Thus the intrinsic and Fuclidean end-to-end gradients agree to leading order in the stated early-
phase, small-curvature-scale regime.

2. Late phase (||A|| = ©(1)): the intrinsic gradient G = —-= > [D exp(A&;)]* log,, (y:)&} weights
SVD direction k by Sk (ok||&||) when & aligns with the k-th right singular vector, so for K < 0
transverse residual components are amplified and the flow reduces transverse error faster than

radial error.

3. Fized-point condition: along the flow A = —PA(Gg), and at a stationary limit point A*
(where A = 0) the intrinsic gradient satisfies G (A*) € ker(Pa+), informative only when the
residuals do not vanish. Since G depends on K through the Rauch-weighted adjoint, curvature
changes the stationarity equation and may affect the stationary behavior; no claim of distinct
selected limits is made. At K = 0 this reduces to Fuclidean stationarity.

Remark 19. Where the main text says curvature “can change the selected limit point” (Proposition 17,
item 3), the precise statement is item 3 above: curvature changes the stationarity equation G (A*) €
ker(Pax) and may affect the stationary behavior. No claim of distinct selected limits is made.

Proposition 20 (Sharpness). For every K < 0 and R > 0 there is a configuration with dy >
2, dy =1, N =1, m = 1 in which Ay is a zero-loss minimizer and: (1) D*F(Ag)[A,A] =
L rollAllkg = Sk (R)?||Al|}g for transverse A; (2) gradient descent at A is linearly unstable for
every n > 2/Sk(R)?; (3) hence neiy = 2/Sk(R)? = ©(1/Sk(R)?). The construction uses a zero-loss
stationary point, which is necessary for an exact linear-stability threshold.
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B Extended Related Work

This appendix expands Section 2 of the main paper with the full account of the literature that space
there did not permit.

Non-Euclidean representation learning. Trees and hierarchical metrics embed into hyperbolic
space with far lower distortion than into R™ (Sala et al., 2018), motivating Poincaré and Lorentz
embeddings (Nickel and Kiela, 2017, 2018; Gu et al., 2018) and a range of manifold-valued archi-
tectures: Mobius/hyperbolic networks (Ganea et al., 2018; Tifrea et al., 2018), fully hyperbolic
(Chen et al., 2022; Bdeir et al., 2024), Poincaré residual networks (Van Spengler et al., 2023),
hyperbolic attention (Gulcehre et al., 2018), pseudo-Riemannian (Xiong et al., 2022; Law, 2021),
mixed-curvature (Wang et al., 2021; Cho et al., 2023; Skopek et al., 2019), adaptive-curvature (Fu
et al., 2021), and Riemannian spiking (Sun et al., 2024) models. On the graph side, Lorentzian
(Zhang et al., 2021), hyperbolic-to-hyperbolic (Dai et al., 2021), hyperbolic variational (Sun et al.,
2021), and spectro-Riemannian (Grover et al., 2025) graph neural networks extend the foundational
Euclidean architectures (Kipf and Welling, 2016; Hamilton et al., 2017; Velickovi¢ et al., 2017;
Xu et al., 2018). Downstream applications now span image embeddings (Khrulkov et al., 2020),
segmentation (Atigh et al., 2022), generative modeling (Mathieu et al., 2019), and numerically
stable embedding (Yu and De Sa, 2019; Mishne et al., 2023); see Yang et al. (2022) for a survey.
These architectures motivate the manifold-valued setting whose optimization we study; we treat
target-manifold curvature as the object of interest and analyze its bias-free deep-linear case.

Deep linear network optimization. Trajectory analysis of gradient descent for deep linear
networks began with Saxe et al. (2013). Landscape results establish the absence of spurious
local minima (Lu and Kawaguchi, 2017; Laurent and Brecht, 2018; Nouiehed and Razaviyayn,
2022; Sun and Luo, 2016), and Arora et al. (2018a) proved linear convergence under approximate
balancedness and a deficiency margin. Subsequent work examines the role of width (Du and Hu,
2019), identity initialization (Hardt and Ma, 2016), gradient alignment (Ji and Telgarsky, 2018),
exponential convergence phenomena (Shamir, 2019), and residual architectures (Zou et al., 2020);
related overparameterized convergence results appear in (Du et al., 2019; Allen-Zhu et al., 2019).
The factorization-induced preconditioner of Arora et al. (2018a) is the algebraic core of our descent
lemma, and Riemannian and convolutional treatments of the deep linear network appear in (Bah
et al., 2022; Menon, 2025; Achour et al., 2025). Complementary to this Euclidean theory, a separate
tradition optimizes over manifold-valued parameters (Absil et al., 2008; Boumal, 2023; Hu et al., 2020;
Zhang and Sra, 2016; Bonnabel, 2013), with stochastic and variance-reduced extensions (Zhang et al.,
2016; Sato et al., 2019) and adaptive methods (Bécigneul and Ganea, 2019); in particular, Criscitiello
and Boumal (2022, 2023) show that negative curvature obstructs acceleration for geodesically convex
optimization, a lower bound consistent with our step-size degradation nj = 0(6*2\/ER). In that
setting the curvature lives on the parameter space, whereas in ours the parameters are Euclidean
and curvature enters only through the loss. Concurrently, Sarkar (2025) studies curvature-adaptive
generalization for manifold-valued networks, and Li et al. (2024) analyzes Lipschitz properties of
hyperbolic neural networks, and both are complementary to our optimization-theoretic focus.

Generalization and manifold estimation. Generalization theory for graph and hyperbolic
embeddings (Suzuki et al., 2021; Tang and Liu, 2023) and for neural networks more broadly (Bartlett
et al., 2017; Neyshabur et al., 2017; Golowich et al., 2018; Arora et al., 2018b; Long and Sedghi,
2020; Scarselli et al., 2018; Verma and Zhang, 2019; Garg et al., 2020; Liao et al., 2020; Esser
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et al., 2021; Maskey et al., 2022; Ju et al., 2023; Sun and Lin, 2024) addresses a different question,
bounding test error rather than training dynamics, but motivates the manifold-valued architectures
whose optimization we analyze. Classical manifold learning and estimation (Fefferman et al., 2016;
Genovese et al., 2012; Kim and Zhou, 2015; Niyogi et al., 2008) provides further context for this
broader program. To our knowledge, no prior work derives curvature-dependent descent lemmas,
linear convergence, landscape results, adaptive schedules, or implicit-bias characterizations for deep
manifold-valued networks.

C Coordinate Models for the Target Manifold

The Poincaré ball and the k-stereographic model are two coordinate charts for the same space form,
not two different geometries, and they enter only where closed-form exp and log are needed. We use
the Poincaré ball for the hyperbolic theory (K < 0), where it is standard, and the k-stereographic
model for any result or experiment that must cross K = 0 into the spherical case, since the ball is
undefined there. The two agree on their common domain K < 0, so no theorem depends on the
choice. The hyperbolic literature also writes DD, for the ball “of curvature ¢,” meaning K = —c; we
avoid ¢ as a standalone symbol, since it would collide with the deficiency margin ¢ (Definition 2),
and translate ¢ = k = —K wherever it appears.

C.1 Poincaré Ball (K < 0)

D% := {z € R" : k||z||> < 1} carries the metric g, = (A\;)%¢% with A\, = 2/(1 — &[|z[|?). At
the origin 0 = 0, exp,(v) = tanh(y/Allol]) v/ (VAv]) and log,(y) = tanh=(v/llyl) v/ (V).
Mébius matrix-vector multiplication is defined by W @k x := exp, (W log,(x)) (Ganea et al., 2018).
Because log, o exp, is the identity wherever both are defined, composing N such layers telescopes to
Wn ®K - @rg Wi Qg © = exp,(Wi.n log,(x)), the collapse (1). The telescoping is a cancellation of
adjacent log, and exp, factors, available only because every layer is bias-free and shares the single
base point o. It is not a statement about the gyroassociativity of the Mobius framework, where @ g
is neither associative nor commutative. Inserting Mobius biases ©xb; between layers breaks the
telescoping and (1) fails, so biases fall outside our scope.

C.2 k-Stereographic Model (any K)

The ball is defined only for K < 0 and therefore cannot express the positive-curvature results of
Section 4.3 of the main paper or the continuous sweep through K = 0 used in the experiments. For
these we use the r-stereographic model of Bachmann et al. (2020) (see also Skopek et al., 2019), which
places both the sphere and the hyperbolic ball in one coordinate chart by stereographic projection,
the same construction that maps the globe onto a flat plane, so that a single formula covers all three
geometries. The model is the family st := {z € R" : —K||z||? < 1} with A, = 2/(1 + K||z|]?),
defined for every K € R and smooth in K. It reduces to the Poincaré ball for K < 0, to R" for
K =0, and to the stereographic sphere for K > 0. The single-chart property allows the experiments
in Appendix E to vary K continuously through zero without switching coordinates. These formulas
are written in the ambient chart, whose conformal factor satisfies A\, = 2 at the base point; the losses
and the tangent-space surrogate are expressed in the g,-orthonormal tangent coordinates fixed in
Appendix A.1 (equivalently A\, = 1), which is what makes exp, a radial isometry and £y = £ at
K =0.
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D Proofs

Every result restated in Appendix A.5 is proved below, in the order in which it appears in the main
paper.

D.1 Proof of the Descent Lemma

Proof of Theorem 3. The proof proceeds in two stages. Stage 1 establishes the descent inequality in
continuous time (gradient flow), where no curvature term appears, and Stage 2 passes to discrete
gradient descent, where the curvature enters through the Taylor remainder.

Stage 1: Gradient flow (continuous time).
Assume the factors Wy, ..., Wy are exactly balanced (6 = 0 in Definition 1):
Wi Wi =W;w',  j=1,...,N-1,
and pass to continuous time 7 — 07, replacing discrete updates by the gradient flow

Wi(t)=-Vw,Lx, j=1,....,N, 7€[0,00).

The preconditioner. Under exact balancedness, Theorem 1 and Claim 1 of Arora et al. (2018a)
show that the balancedness condition is preserved for all 7 > 0, and that the end-to-end matrix
A(7) = Wi.n(7) evolves according to

Vec(A(T)) = —Pa(r) vec(G(7)), (13)

where G(7) := V4F(A(r)) and
N
Pa(G) = Z Wj+1:NWf+1:N G Wf:jAWl:j—l
j=1

is a positive semidefinite linear operator (acting on vec(G)) whose eigenvalues are all at least
umin(A)2N-D/N.

To see why: write the eigenvalue decomposition WlT W, =UDUT, WNWR,— = VEVT. Exact
balancedness implies that all W]-T/VjT share the same spectrum, and one can show (via Lemma 5
of Arora et al. (2018a)) that the operator P4 is unitarily equivalent to the diagonal operator with
entries Eé\le dfg_l eév_] for pairs (k,£), where di, e; are the diagonal entries of D, E. By AM-GM,

N
Zdifleévfj > N(d,iv’leév’l)l/’v
j=1

> N omin(A4)2N -1/

(The factor N is absorbed into Cy in the discrete analysis. The relevant conclusion is the lower
bound oy (A)2N-D/N )
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Continuous-time descent. Using the chain rule and (13):

i]:(A(T)) = <V€C(G); VGC(A)>

dr
= —(vec(G), P4 vec(G))
< —omin(A)" NN |Gl

where the last step uses the eigenvalue lower bound on P4 and ||G|lus = || vec(G)||.

No smoothness constant, Rauch factor, or curvature term appears. This proves Corollary 4
(equation (8)).
Stage 2: Discrete updates (finite n > 0).

We now work with a single gradient-descent step W;’ = W;—nVw, Lk and bound F(A")—F(A)
for AT = Wfr n- The argument has six steps.

Step 1 (Pullback gradient). Define p; := exp,, (4&) € My and ¢;(p) := 3 d(p,y;)>. The
Riemannian gradient of ¢; at p; is the standard identity Vpgbi‘p:p, = —log,, (y;). The chain rule for

the composition F(A) = L 3, ¢;(exp,, (A&)), which is (2) because ¢; = 3d(-, y;)?, gives

m

G = VaF(A) =~ 3" [Dexp,, (A6)]" Tog, (1) & (14)
=1

Here D exp,, (v) is the differential of the exponential map at the tangent vector v = A¢;, and [[]*
denotes the adjoint (transpose in coordinates). This expression is the pullback of the Riemannian
gradient V,¢; through the exponential map and the linear map A — A¢;.

Step 2 (Curvature-dependent smoothness of 7). We show that F is Lk r p-smooth on the
tube Tr.p. The Hessian of the pullback in a direction A € R *% is computed by differentiating
(14):
1 m
D?*F(A)[A,A] = — 1), + (II), h
FAIAA) = 23 [+ (D], wher
(I), = <V2¢i|pi (D exp(Agi)Afl-), Dexp(Aﬁi)A§i>,

(I); = (Vi|, . D* exp(A&)[A&;, A&]).

Term (I); is the Hessian of ¢; and term (II); the second derivative of exp.

We bound each piece using the comparison-geometry constants from Section A.4 and the tube
assumption A € T p (so ||A&|| < R and d(exp,, (A&),y:) < D).

Term (1). The Rauch comparison theorem on a constant-curvature space gives || D exp,, (v)lop <
Sk(R) for lv]] < R, where Sk (R) = sng(R)/R is the Rauch factor (4). Hence

1D exp(A&) - A&l < Sk (R) [ AG].

The Hessian comparison theorem for ¢;(p) = %d(p, y;)? on a space of constant curvature K
gives the eigenvalue bound ||V2¢;|lop < Hi (D), where Hy (D) = max(1, fx (D)) with fx(D) =
D cng(D)/sng (D). (The radial eigenvalue is always 1, and the transverse eigenvalue fx (D) exceeds
1 when K < 0.) Therefore R

(D] < Hg (D) - Sk (R)* | A&,
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Term (1I). The gradient bound HVgZ)i‘p_ | = [[1og,, (¥i)ll = d(pi,yi) < D and the second-derivative

bound ||D? exp,, (v)|lop < B (R) for [Jv]| < R give
(IN] < D B (R) | A&]*.

Combining and summing;:

ID*F(A)A, A
< 23 NG [Sk (R Hi (D) + D Bic ()
m — (15)
< | Alls

= Lig.rp |A|lfs,

where L r p is the smoothness constant (5). This establishes that F is L r p-smooth on Tg p.
As a consequence, the standard quadratic upper bound holds for any A, A’ with the segment
[A, A/] C TRyp:
F(A) < F(A) +(G, A" = A) + 5 Licrp A — Allfs. (16)

Step 3 (Factor gradients). By the chain rule for the factorized parameterization
LxWh,....,Wn)=FWi.nN):

vW]ﬁK:WJ*+1NGWfJ71, ]: 1,’]\]'7

where we set Wy.g := Ig, and Wy 41.n := Ig, for the boundary cases. The gradient step on each
factor is therefore

Wf = Wi —nWin GWija.

Step 4 (End-to-end expansion). We expand the updated end-to-end matrix AT = W]J\; e W1+

in powers of 7. Write W, = W; — nH; with H; := W | yGW{. . Then

At =Wy —nHy) - (Wi —nH)
N

=Win — ?72 Wi.n Hj Wi
=1

+ (higher order in 7)
=A—nPus(G)+ Ry,

where the first-order term is the preconditioned gradient

N
Pa(G) = Z WittNnWiiy G W, Wij
j=1

and R, collects all terms of order n? and higher.

To bound R,;, we use the multinomial expansion of the product. Each term in R, involves at least
two factors of —nH; and the remaining factors are Wj. Using ||Wj|lop < M (hypothesis (1)) and
[Hjllus = W} . nGWH s < MN=1|G|gs, one bounds (following the combinatorial accounting
in Appendix D.2 of Arora et al. (2018a)):

1Ry llns < Ciy o MY |Gy, (17)
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where C'\, > 0 depends only on the depth N.

More precisely, the k-th order term (k > 2) in 7 involves choosing k of the N positions to replace
W; by —nH;. Each such term is bounded in Hilbert-Schmidt norm by n# MFN=DFN=k Gk - <
nFMEE=DIN=1)||G||ky. Using the gradient bound ||G||us < Gk r.p on the tube and summing the
geometric series (under the step-size constraint nMY~2G g g p < 1/2, which is ensured by (6)), one
obtains the tighter form

IRy llas < On 0 MPN ™ Gr rop |G, (18)

where we have peeled off one power of ||G||us from the leading k£ = 2 term and bounded the remaining
|G||%s" factors using Gk g p.

Step 5 (First-order term: coercivity). We now bound the first-order contribution. By
hypothesis (3) (the balancedness condition in the theorem statement):

N
S I anGWEillfs > % 0w (AN NGl
j=1

A direct computation shows

WE

<G7 PA<G)> - <G7 Wj-i-liNW;—}-l:NGWf:j—lW11J—1>

HWJ%Jrl:NGWI*:jflqu&
=1

<
Il

where the second equality follows from the trace identity (4, BOBT) = (BTA,CB") = | BT A||%g4
when C' = [ (after appropriate reshaping; here one uses (G, Wj+1:NWj*+1:NGW1*:j71Wl;j,1> =
tf(erj—lGTWJ’H:NWfH;NGWf:j—l) = HW;-s-l:NGWl*:j—l”%{S)‘ Therefore

(G, Pa(@) = §omin(A)* NN G s, (19)

Step 6 (Combining: the smoothness bound). Write AT = A—nP4(G)+R,. By hypothesis (4),
the segment [A, AT] C Tg p, so the smoothness bound (16) applies:
F(AT) = F(4)
< (G, AT = A) + 5Lk rollAT - Allfis
= (G, —nPa(G) + Ry)
+5LkRll=nPa(G) + Ryllfs.

We bound each piece.
First-order terms.

(G, —nPa(G)+ Ry) = —1 (G, Pa(G)) + (G, Ry)
< =30 0min(A)* NI G
+ |G llus | Ry llms,

where we used (19) and Cauchy—Schwarz.
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Second-order term.
5 Lrrp AT — Allis < L r.o (7 Pa(G)lfs + | Rylfrs) -

Using [|Pa(G)|lus < NM2N=D|G||us (each summand in P4 is bounded by M2N=D||G||us), this is
bounded by C¥ n? Lk, r.p M*N~*||G||%5 (absorbing the || R,||? term, which is O(n*) and dominated).

Collecting all the error terms (the (G, R,) piece from (18) and the second-order piece), we arrive
at

F(AY) = F(A) < =4 nomn(A)* NN |G|lfs

- N (20)
+ N (M*N G rp + Licr o M*™N ) |Gl s,

where Cy > 0 is a (redefined) constant depending only on N, and Gk r,p = supge7s;, , IVAF(B)|/ns
is the gradient norm bound on the tube.

Applying the step-size condition. The step-size assumption (6) states

nCn (M 4G rp + L g, pM*N™1)

< i‘ﬂnin(A)Q(N_l)/N-

Multiplying both sides by 7 ||G||%g, this ensures that the positive (error) term in (20) is at most
i n Jmin(A)Q(N_l)/N ”GHQHS

Substituting back into (20):

F(AT) — F(A)
< =30 omin(A)* N IN|Glfg
+ 30 o (A)2VIN |G g

= —5 7 omin(4)* VNG s,

which is (7).

Where curvature enters and where it does not. In Stage 1, the descent (8) is controlled by the
algebraic preconditioner P4 and the minimum singular value op,in(A), and no geometric quantity
appears. Curvature enters only in Stage 2, through the smoothness constant Lx g p (5) in the
quadratic remainder of the Taylor expansion (16). Inside Lg g p, the three comparison-geometry
bounds, namely the Rauch factor Sk (R)?, the Hessian comparison Hy (D), and the exponential-map
curvature Bi (R), all grow with |K| when K < 0. Their growth forces 7 to shrink to maintain the
step-size condition (6), giving the ceiling 7} = O(1/Sk(R)?) in (9). The single-step contraction
factor 1omin (A)2N=1/N||G| |24 is identical to the Euclidean deep-linear guarantee of Arora et al.
(2018a), so curvature constrains only the step size, not the progress at each step. O

D.2 Proof of Local Strong Convexity

Proof of Lemma 6. Recall the end-to-end pullback F(A) = = 3™, ¢;(exp,, (AE;)) with ¢;(p) =
%d(p, yi)?, where A € Tpp. We compute the Hessian D2F(A)[A, A] for an arbitrary direction
A € Ré*do and establish a lower bound, in contrast to the upper bound derived in Step 2 of the
proof of Theorem 3 (Appendix D.1).
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Step 1: Hessian decomposition. Set v; := A& € Vy ~ R™W and p; := exp,, (vi) € My. By
the chain rule applied to the composition A + v; = A& +— p; = exp,, (v;) = ¢;i(p;), the second
derivative of the i-th summand f;(A) := ¢;(exp,, (A&;)) in direction A is

D*fi(A)[A, A
= <V2¢>i ‘pi(D exp,,, (vi)A&) , Dexp, (vi)A§i>
@
+ <Vp¢>i|pi, D? exp, (vi)[AE, A&]) ) (21)
(In

Term (I) arises from differentiating the outer function ¢; through the first derivative D exp; term (II)
arises from the second derivative of exp hitting the gradient V¢;. We bound each term from below.

Step 2: Lower bound on Term (I). We need two ingredients from comparison geometry on the
space form (My, gn) of constant sectional curvature K; for K > 0 we work inside the injectivity
radius, R < 7/(2V'K) and D < 7/(2VK).

Ingredient (a): Hessian comparison for the squared distance. The Hessian of ¢;(p) = 5d(p, y;)?
at a point p; # y; is a self-adjoint operator on T),, M. In the orthogonal decomposition of T}, My
into the radial direction (the unit vector —log,, (y:)/d(p:,y:)) and the transverse directions (its
orthogonal complement), the Hessian has the following eigenvalues (see, e.g., Petersen, 2006, Ch. 4)
or Bridson and Haefliger (2013, Ch. II.1):

e Radial eigenvalue: always equal to 1, for any K.

e Transverse eigenvalues: each equal to

A CDK(Di)

fK(Dz) = D; ma

Di = d(pu yZ)7

where sngx and cng are the model sine and cosine from (4).

On a Hadamard manifold (K < 0), the model sine satisfies sng () < rcng(r) for all » > 0 (since
sinh(t)/t < cosh(t) for all ¢ > 0 when K < 0, and equality holds when K = 0), so

D,
e (D) for all K <0 and D; > 0,

fK(Dz) :Dzm =

and V2¢>Z~‘p_ = I, my as a bilinear form. For K > 0 with VKD, < 7/2 one has instead fx(D;) =
VKD, cot(vV'KD;) € (0,1). In both cases the smallest eigenvalue of V2¢Z~‘p_ is min(1, fx(D;)) >

min(1, fx (D)), since fx is non-increasing. Thus

(D) = (V2| (wi), wi) > min(L, fx (D)) [lwi?,

(22)
where w; := Dexp,  (v;) - A&;.

Ingredient (b): radial Jacobi field lower bound. The differential D exp, . (v;) maps ToVy =~ RIN
to Tp,Mn. Its singular values are determined by the Jacobi fields along the geodesic y(t) =
exp,,, (tvi/||vill), 0 < ¢ < |vi]|. In the orthogonal decomposition of R into the direction of v;
(radial) and its complement (transverse):
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e The radial singular value is always 1 (the exponential map is a radial isometry by the Gauss
lemma).

e Each transverse singular value equals Sk (||vi|]) = sng (||vi|])/]|vi]|, the Rauch factor.

For K < 0 we have Sk (r) > 1 for all » > 0 (since sinh(¢)/t > 1 when K < 0, and = 1 when
K = 0), so omin(Dexp,, (v;)) = 1; for K > 0 inside the injectivity radius Sx(r) € (0,1) and
Omin(D exp,, (vi)) = Sk (|[vil]) = Sk(R). In both cases owmin(D exp,, (v;)) > min(1, Sk(R)), and
hence
lwill = || D exp, (vi) - A&l
2 Omin (D €XPo (vl)) HAS’LH (23)
> min(1, Sk (R)) [|AG]-
Combining (22) and (23), and noting that fx and Sk are simultaneously > 1 (for K < 0) or

<1 (for K > 0), so that min(1, fx (D)) min(1, Sk (R))? = min(1, Sk (R)?fx (D)) =: mg:

(D) > mu [|A&G]*. (24)

Step 3: Lower bound on Term (II). We have qub?;‘pi = —log,, (4:), so ||Vp¢i}pi | = d(pi,yi) < D

by the tube assumption A € Tg p. By the definition of Bx (R) (Section A.4), || D?exp,, (v;)|lop <
Bg (R) for ||vi|]| < R. Therefore, by Cauchy—Schwarz:

(IT) <Vp¢i‘pia D? exp,, (v;)[A&, A&])
_va@'}piu I1D? exp,,, (vi) [lop [ A& (25)
—D Bg(R) |A&].

vl

v

This term can be negative, because D? exp can curve the image of the perturbation toward or away
from y;, so the inner product with V¢; need not have a definite sign. We use Cauchy—Schwarz to
obtain the worst-case lower bound.

Step 4: Combining and using whitened data. Summing (24) and (25) over ¢ and averaging:
m

D*F(A)[A,A] = = D*fi(A)[A,A]

3=
-
I

1 m
2 — > [mx — D Br(R)] A&
=1
1 m
= — > 18&]%, (26)
=1

where ux = mg — D Bg(R) as in Lemma 6.

Now we use the whitening assumption % Yot &&= 14,. For any A € RN xdo.

1 - ]‘ - * *

m; |ag|? = m;tr(%m )
= u{a (7 Xaer)a) 1)

=

= tr(AAY) = Al
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Substituting (27) into (26):
D*F(A)A,A] > x| Alls, (28)

with px > 0 by hypothesis; for K < 0 we have mx =1 and pux =1 — D Bg(R).

Step 5: The Euclidean case K = 0. When K = 0, the manifold My is Euclidean, so
exp,, (v) = on + v (a translation). Then:

e Dexp,, (v) =1 for all v, so D? exp,, =0, giving By(R) = 0.

e $(p) = 3|lp — vil|* has Hessian V2¢; = I, the identity.

Therefore Term (II) vanishes identically, Term (I) equals ||A&;||? exactly (mg = 1), and po =
1—D-0=1. In particular, F is 1-strongly convex (with respect to the Hilbert—Schmidt norm on A)
in the Euclidean case, consistent with the fact that F reduces to 3||A — ®||#¢ + const for whitened

data when K = 0. O

Remark (role of each hypothesis). The three hypotheses play distinct roles:

1. K <0 (Hadamard manifold) gives my = 1, since it ensures both V2¢; = I (Step 2, Ingredi-
ent (a)) and opyin(D exp) = 1 (Step 2, Ingredient (b)). For K > 0 both factors drop below 1
and my = Sk (R)?fx(D); beyond the injectivity radius fr turns negative and the Jacobi field
can vanish, so the argument does not extend past it.

2. Whitened data (1 3 &&F = I) converts the sample average L > [|A||? into the squared
Hilbert-Schmidt norm [|Al|%g in Step 4. Without whitening, the strong-convexity constant
would additionally depend on the smallest eigenvalue of the data covariance.

3. D Bg(R) < 1 ensures g > 0, so that the negative Term (II) from the second derivative of exp
does not overwhelm the positive Term (I). As |K| — 0, Bx(R) — 0 and ux — 1; as | K| grows
(with K < 0), Bg(R) increases, ux decreases, and the strong convexity weakens.

D.3 Proof of Gradient Dominance

Proof of Lemma 7. We derive the gradient dominance inequality from the px-strong convexity of F
established in Lemma 6. The argument is the standard reduction of a Polyak—t.ojasiewicz inequality
from strong convexity (see, e.g., Nesterov et al., 2018, Theorem 2.1.10), given in full here to track
the curvature parameter .

Step 1: The strong-convexity lower bound. Lemma 6 gives D*F(A)[A, A] > ug||Al|}g for
every A € Trp and every direction A. The bound holds at every point of 7z p. The radius
constraint || A¢;|| < R is convex in A, but the residual constraint d(exp(A&;),y;) < D is not, so we
do not assume that 7z p is convex and integrate only along segments contained in it; this is exactly
hypothesis (4) of Theorem 3, and it is supplied along the trajectory by Lemma 8(a). Integrating
D?F along a segment from A to A’ € Tg p with [A, A'] C Tgp yields the standard strong-convexity
inequality:

F(A) = F(A) + (VaF(A), A = A) + XA - Als. (29)

To verify (29) explicitly: define g(t) := F(A + t(A’ — A)) for t € [0,1]. Then ¢g(0) = F(A), g(1) =
F(A), g'(0) = (VaF(A), A= A), and ¢"(t) = D*F(A+ (A — A)[A'— A, A" — A] > pgc|| A" — Al
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for all t € [0,1] by Lemma 6. Integrating twice:

1
g(1) = 9(0) + ¢/(0) + /0 (1— ) g"(t) dt
> 9(0) +¢/(0) + 55114 — Alls,

which is (29).

Step 2: Minimize the right-hand side over A’. Write G := V4 F(A) and set h := A" — A.
Inequality (29) reads

FA) = FA)+ (G b+ X Ihls = a(h).

The right-hand side (k) is a quadratic in h with positive definite leading term 4| - ||fq. Its
(unconstrained) minimizer is found by setting the gradient to zero:

1
th(h):G—l-uKh:O - W =-—3@G.

1204
Substituting h* back into g¢:
1 MK 2
*\ _ =
q<h>_f(A)+<G’ MKG>+ 2 H MKG“HS
1 1
=F(A) — —|Glis + — |G|
(4) MKH 1 2M<H 1
1
= F(A) — —||Glxs- 30
(4) 2MKH s (30)

Step 3: Apply the bound at the global minimizer. Let A* be a global minimizer of F on the
tube (which exists by compactness of Tr p and continuity of F), with F* := F(A*), and assume
[A, A*] C Tr,p as in the statement of Lemma 7. Then (29) applies with A’ = A*. Moreover, the
unconstrained minimum ¢(h*) is a lower bound on ¢(h) for any h, so

1

P FA) 2 gt ah) = ) = FA) - o

I1G frs-

(Strictly speaking, the infimum is over all h € R >4 not only those with A+ h € Tr.D, so the
lower bound on F(A*) is weaker than necessary and the inequality only becomes tighter.)

Step 4: Rearrange. Moving F(A) to the left and F* to the right:

1
—|IGllfis = F(A) —F*,
2MKH s > F(A)

and multiplying both sides by 2ux > 0 (which holds since D B (R) < 1 by hypothesis):
IVAF(A) s > 20k (F(A) = F*). (31)

This is the gradient dominance (Polyak—t.ojasiewicz) inequality.

Step 5: The Euclidean case K = 0. When K = 0, Lemma 6 gives up = 1, and (31) becomes
IVaF(A)|3g > 2(F(A) — F*). Since F reduces to 3||A — ®||3¢ + const for whitened data when
K =0, one can verify this directly: V4F = A — ®, so ||[VAF|? = ||A - ®||? = 2(F(4) — F*). O
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Remark (role in the convergence proof). The gradient dominance inequality (31) is the bridge
between the single-step descent of Theorem 3 and the end-to-end linear convergence of Theorem 9.
Theorem 3 guarantees F(AT) — F(A) < —Lomin(A)*N-D/N||G||34. Substituting (31) converts this
into a contraction on the suboptimality gap:

FAT) -F* < (1 — K omin(A)Q(N‘”/N) (F(A) — 79,

which iterates to (10). The curvature dependence of ux =1 — D Bg(R) thus enters the contraction
factor, since larger |K| (with K < 0) increases Bi (R), decreases pg, and slows the geometric rate.

D.4 Proof of Trajectory Containment

Proof of Lemma 8. The proof proceeds by induction on the iteration counter t. At each step we
verify that the hypotheses of Theorem 3 are maintained, so the descent lemma can be applied again
at the next step. The three conclusions (a)—(c) are established in order; each builds on the previous
ones.

Throughout, let G(t) := VAF(A(t)), M := (4]|®||¢)"/V (the spectral-norm bound on each factor),
and @ := L 3. 7;¢* the tangent-space target matrix. Whitening gives 2E(A) = [|A — ®||%g + 2E*; it
does not require exact realizability.

Choice of constants §y and 7. Both are chosen after ® and ¢’ are fixed. Set

5 () (32)
0= 2AN—1)/N’
256 N3 || @ 2N 1)/

as in Theorem 1 of Arora et al. (2018a) (with ¢ playing the role of their deficiency margin ¢), and
(C/)(4N72)/N

o = 6N—4)/N
iy N3 [ S

(33)

for a sufficiently large constant C'\, > 0 depending only on N. The precise value of C is determined
by requiring that this algebraic restriction 7,1, simultaneously satisfies the four conditions in
equation (27) of Appendix D.2 of Arora et al. (2018a) (with their ¢ = ¢/, M = (4||®||p)"/V,
B = Ggp, p); the curvature-dependent terms enter only through 77, which is handled by the
separate requirement 7 < nj. Equation (33) defines only 7,,; the constant used throughout is
Mo := Min(7alg, Nseg ), Where the segment restriction nsg is fixed in Part (a) so that every update
segment stays in the tube Ty p.

Base case (t = 0).

(a) The endpoint bound gives max; d(exp,, (A(0)&), ;) < D(0) < D, so A(0) € Ty p and the
tube condition holds at ¢ = 0.

(b) The initialization is dp-balanced, so it is also 2dp-balanced.

(¢) Since A(0) has deficiency margin ¢ > 0 with respect to ® (Definition 2), Claim 1 of Arora
et al. (2018a) gives opmin(A(0)) > ¢ > 0, which is (c) at ¢t = 0.

Inductive step: assume (a)—(c) hold for 0,1,...,¢; prove them at ¢+ 1.

Part (c): minimum singular value. This is the deficiency-margin argument of Arora et al.
(2018a) (Lemma 2, property (B) = Claim 1). We give the full details.
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Step 1: the loss is non-increasing. By the inductive hypothesis, (a)—(c) hold at every s € {0,...,t},
so the hypotheses of Theorem 3 are satisfied at each step s. Applying the descent lemma (7) iteratively:

F(A(s+1)) < F(A(s))

n _
—35 oumin(A($)) VNG (s) | (34)
< F(A(s)),
so s — F(A(s)) is monotone non-increasing on {0,...,t + 1}.

Step 2: the distance to ® does not grow. Write §; = logl (;), so that y; = exp,, (7). For K <0
the exponential map at oy is expanding, d(exp,, (u), exp, (v)) > |lu—wv||, and by Rauch comparison
it is Sk (R)-Lipschitz on the ball of radius R (that ball is convex, so integrate ||Dexp |lop < Sk (R)
along the segment from u to v). Applying the expanding inequality to the pair u = A¢;, v = g; and
then the whitening identity 2€(A4) = ||A — ®||}g + 2* (Appendix D.7, with £* = miny € > 0) gives

2F(A) = Zd exp,,, (A&), expy . (7)) ZHA& gill?
=2&(A) = |A— ®|fs +2E* > ||A—‘I)HHS-

No realizability is used: the inequality goes through the surrogate £ and the nonnegative constant
&*, not through any assumption that g; = ®&;. Applying instead the Sk (R)-Lipschitz upper bound
at A(0) gives 2 F(A(0)) < Sk (R)?-2E(W(0)). Combining these with the monotonicity of Step 1,

JA(t+1) — Dllus < (2F(At+1)))"* < (2F(A(0))) "/

35

< Sk(R) (2E(W(0)))"%. o
At K = 0 we have So(R) = 1 and F(A) = 3||A—®||3g+E*, or equivalently F(A)—F* = 1| A— 3.
For K < 0 the factor Sk (R) > 1 is the price of measuring error on the manifold, and it is absorbed by
imposing the deficiency margin in its curvature-corrected form, Sg(R)(2E(W (0)))Y/? < gpmin(®) — ¢
(Appendix A.3). The correction cannot be dispensed with: monotonicity of F alone bounds || A(t)—®||
by (2F(A(0)))Y/?, which for K < 0 exceeds [|A(0) — ®|.

Step 3: apply the deficiency-margin characterization. The initialization satisfies the curvature-
corrected loss-based condition of Appendix A.3: S (R)(2E(W(0)))Y/? < pmin(®) — ¢. By (35),
|A(t +1) — ®|lus < Sk (R)(2E(W (0)))/2 < gpin(®) — ¢. Claim 1 of Arora et al. (2018a) (proved
using omin(X +Y) > omin(X) — 0max(Y) and opmax(Y) < ||Y||F) then gives:

Omin(A(t + 1)) = omin (P + (A(t +1) — @))
> Omin(P) — Omax (At + 1) — @)
> omin(®) = A +1) — @lus
2 Umin((b) - (O'min(q)) - CI) = cl- (36)
This establishes part (c) at step ¢ + 1, with the constant ¢’ itself. We do not claim oyyin(A(t)) >

min(A(0))/2: the deficiency margin bounds omin (A(0)) below by ¢’ but not above by 2¢/, so ¢ is
the constant to carry forward, exactly as in Claim 1 of Arora et al. (2018a).

Part (b): balancedness preservation. This part is algebraic in the weight matrices and follows

identically to the proof of property (A’) in Lemma 2 of Arora et al. (2018a). We reproduce the
argument.
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Step 1: single-step change in the balancedness defect. Define B;(t) := [[W;t1(t )TWJ_H( ) —
W;(t)W;(t)"||r. The gradient step gives VV;r = W;—n Wi yGWT,;_4, and expanding VV]HW]{FH
W;FWJTFT (a product of two updated factors minus a product of two updated factors) yields, after

subtracting and adding the pre-update quantities:

Bi(t+1) < B;(t)

_ (37)
+ 40| G(8) s 1| G (1) [lop (2| )N~ H/N.

The factor 4(2H(I>HF)2(N*1)/N comes from bounding |Wj11.n]| pHWIJH + [ Wil pHW]H NHop
using part (c) of the inductive hypothesis and the spectral-norm bound ||[W;(t)[lop < M = (4]|®| )"V
(established below in the paragraph on operator-norm control).

No curvature term appears in (37). The cross-terms are products of weight matrices and the
gradient G, whose magnitude depends on curvature through F but which enters only through its
norms, and the algebraic identity is the same as in the Euclidean case.

Step 2: telescoping. Summing (37) from s =0 to s = ¢:

Bi(t+1) < B;(0)

t
42/ #)* NN NG (s) 18]G (8) | op-
s=0

(38)

To bound the sum, use the descent inequality (34) summed over s =0,...,¢:

g (¢/)PNUINN G (s) s < F(A(0) — F(A(t + 1)
s=0
< F(A®0) < gll@lfE

where we used omin(A(s)) > ¢ (part (c)). The final bound follows from 2F(A(0)) < Sk (R)?2E(W(0))
and the curvature-corrected loss-based condition Sy (R)(2E(W (0)))Y? < omin(®) — ¢ < ||®|| . Since
1G(s)llop < [|G(s) s, we get

t t
7Y NG ) usllG(9)lop < 0 D> I1G(8) s
s=0 s=0

n||®]%
= (@2 -1V

Substituting into (38):

A(20|]1 )N @)

Bj(t+ ].) < 60 + (C/)Q(Nfl)/N

Step 3: the choice of ny absorbs the increment. The choice (33) ensures that the second term is
at most dp (this is a direct calculation matching the constants in (32) and (33); see equation (37) in
Appendix D.2 of Arora et al. (2018a)). Therefore

Bi(t+1) < 28, j=1,...,N—1,

which is part (b) at step ¢ + 1.
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Hypothesis (3) of Theorem 3. Part (b) is what makes the coercivity hypothesis available at
every step. By the trace identity of Step 5 of Appendix D.1, (G, PA(G)) = Zj ||W]*+1:NGW1"‘:J;1||12{S
exactly, and the same approximate-balancedness estimate that yields the operator-norm control
below bounds the deviation of P4 from its exactly balanced counterpart, the one diagonalized in
Appendix D.1, by 260 N3M2(N=2) in operator norm. Hence

ZH NGWT 1 s
> (0min (AN DN 25, N3M2N2) |G s,

so hypothesis (3) holds with the constant 2 as soon as 26y < (¢/)20V=U/N /(4AN3M2N=2))  which is
implied by the choice (32) of dp together with ¢ < [|®|p.
Operator-norm control (auxiliary). Once 2§p-balancedness and the spectral-norm bound ||A(¢ +
Dllop < 2||®||F (from part (c) and the triangle inequality) are established, Lemma 6 of Arora et al.
(2018a) gives the layerwise bound |[W;(t + 1)|op < (4]|®||£)"/Y = M, confirming hypothesis (1) of
Theorem 3 at step ¢ + 1. The argument uses Lidskii’s theorem (Lemma 3 of Arora et al. (2018a)) to
pass from approximate balancedness of the Gram matrices W Wj—r to approximate equality of singular

values, and then a contradiction argument to show no individual ||Wj||ep can exceed (4®]r)"/N.

Part (a): tube containment. We must verify A(t + 1) € Ty p; the endpoints obey the sharper
bound max; d(exp,, (A(t +1)&),y:;) < D(0) < D, and the segment bound is treated below.
Residual bound. For every ¢ and every ¢,

d(expoN(A(t)fi)vyi)2 < Zd eXpoN gz) z)
_ o F(A).

so by the monotonicity established in Step 1 of part (c),

max d(exp,, (A()&), vi) < (2m F(A(0))"
=: D(0) for all ¢t > 0.

This is the endpoint residual bound, obtained from the monotone decrease of F alone with no
continuity or small-step argument; the price is a factor y/m relative to the initial maximum residual.
The tube radius carried through the induction is the slightly larger D = D(0) +Jp (the segment step
below needs the extra slack dp), and it is this D that has to satisfy D Bx(R) < 1 in Theorem 9.

Radius bound ||A(t+1)&|| < R. We have ||A(t+1)&]| < ||A(t+1)]||op|l&il|- By the operator-norm
control established above, ||A(t+ 1)|lop < 2||®||#. By the triangle inequality:

[A{E+Dllop < [1®lop + | A +1) = Plop
< |@flr +[[A(E+1) — @llF < 2[[F

The radius of Lemma 8(a), R := max; max(2||®|| ¢||&]l, [|9i]]), therefore satisfies ||A(t + 1)&| < R
for all 4, and it also contains the targets ¢;, which is what the Rauch comparison of Step 2 requires.
It depends only on ® and the data, so fixing it involves no circularity with Sk (R).

Segment containment. Hypothesis (4) of Theorem 3 requires [A(t), A(t + 1)] C T p, where
D := D(0)+0dp is the tube radius fixed in the statement of Lemma 8, with dp > 0 a fixed slack chosen
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before ng and independent of . The radius constraint is convex in A, so the segment satisfies it. The
residual constraint is not convex, and we verify it directly: A — d(exp(A&;),y;) is Sk (R)||&;||-Lipschitz
and ||A(t + 1) — A(t)|lop < nNMN=1|G(t)||us (from the expansion in Step 4 of Appendix D.1), so
every point of [A(t), A(t + 1)] has residual at most D(0) + C’nMN_lSK(R)GKR,D for an absolute
constant C. Because dp is fixed in advance, we take 7seg := 5D/(C'MN_ISK(R)GK7R7D), so that
for n < nseg (hence for n < np = min(7alg, Nseg)) the whole segment has residual at most D, so
[A(t), A(t + 1)] C Ty p for every n < no. The order of quantification is what removes the circularity:
6p (hence D and every tube constant Ly p p, Gy g p» ik = 1 — D Bg(R)) is fixed first, and only
afterwards is 79 made small enough to keep the update inside the pre-committed tube. The same
containment supplies the segment hypothesis of Lemmas 6 and 7 along the trajectory. Since ép may
be taken as small as desired, the constants at D agree with those at D(0) up to a term O(Jp), and
the displayed O(-) bounds below, written at D(0), are unchanged.
This completes part (a) and the inductive step.

Summary of what is geometric and what is algebraic. Part (b) is algebraic in the weight
matrices, using only the factored structure Vi, L = W;‘H: ]\,GVVl*:jf1 and spectral-norm bounds,
and is identical to the argument in Arora et al. (2018a). Curvature enters part (c) through the
factor Sk (R) in (35), which is why the loss-based initialization condition is curvature corrected,;
it also enters the segment estimate in part (a) through the Lipschitz factor Sk (R) and the fixed
tube constants. The curvature-dependent step-size ceiling 7}, from (9) handles this requirement. It
ensures that the descent lemma applies, the descent lemma ensures that F is non-increasing, and
the monotone decrease ensures tube containment. The requirement n < min(n},no) thus separates
the curvature cost (7% ) from the algebraic cost (o). O

D.5 Proof of Linear Convergence

Proof of Theorem 9. The argument combines the three preceding results, namely the descent lemma
(Theorem 3), gradient dominance (Lemma 7), and trajectory containment (Lemma 8), into a single
induction that yields a geometric contraction on the sub-optimality gap at every step.

Step 0: Verifying the hypotheses persist.
The hypotheses of the theorem are:

e K <0, the data are whitened (1 3> &&= 1);

e the initialization is §-balanced with deficiency margin ¢ > 0 (Definitions 1 and 2);
e A(0) € Tg p with D Bg(R) < 1 for the fixed tube radius D = D(0) + ép;

e 1 < nj, where 1} is given by (9).

Lemma 8 (with 69 = § and 7y chosen as in its proof, so that n < min(n},70)) guarantees that
for every t > O:

(a) A(t) € Ty p for the tube radius D of Lemma 8(a), so the tube condition D Bg(R) < 1 is
maintained;

(b) the factors Wi (t),..., Wx(t) are 2§-balanced, so hypothesis (3) of Theorem 3 (the coercivity
condition) holds at every step;

(€) omin(A(t)) > ¢ > 0, so hypothesis (2) of Theorem 3 holds.
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Since the operator-norm bound ||W;(t)|lop < M = (4]|®|#)'/" is also maintained (as shown in the
proof of Lemma 8), hypothesis (1) of Theorem 3 holds. The segment containment hypothesis (4) is
ensured by the small step size n < 79. Likewise, since K < 0, whitened data, and D(t) Bx(R) < 1
all persist, the hypotheses of Lemma 6 and hence Lemma 7 are maintained at every step.

Conclusion of Step 0: Theorem 3, Lemma 7, and Lemma 8 may all be invoked at every iteration
t>0.

Step 1: Per-step contraction on the sub-optimality gap.
Fix an arbitrary ¢ > 0. Write G(t) := VAF(A(#)), o'} = o (A(t)), and AF () := F(A(t)) —

f*' min
Ingredient 1: Descent lemma. Theorem 3, equation (7), gives
n _
FA(E+1)) = FAW1) < —5 (o)™ VG0 s (39)

Ingredient 2: Gradient dominance. Lemma 7 gives
IGWO)IEs > 20 AF(1), (40)

where px =1 — D Bg(R) > 0 is evaluated at the tube radius D of Lemma 8(a); the instantaneous
constant pg¢ = 1 — D(t) B (R) is no smaller (as D(t) < D(0) < D), so the inequality only becomes
tighter.

Ingredient 3: Trajectory containment. Lemma 8(c) gives

o> (41)
Combining. Substituting (40) and (41) into (39):

FA@+1) = FAM) < =3 (PN e AF (1) )
= —npuc (PN IV AF (@),

Adding F* to both sides and rearranging:
AF(t+1)=FAE+1) - F < (1 —nux (¢)NDN) AF®). (43)
Define the contraction factor
p = nu ()N, (44)

Then p > 0, because n > 0, ug > 0 and ¢ > 0; and p < 1, because otherwise (43) would force
AF(t+ 1) < 0, contradicting the definition of F*.

Step 2: Iterating the contraction.
Inequality (43) is a one-step geometric contraction. Applying it recursively from ¢ = 0 to
t=T-1:

AF(T) < (1—-p)AF(T 1)
< (1-p)?AF(T -2)
< (1-p)" AF(0). (45)
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Substituting p from (44) into (45) gives (10):

FIAT)) — F* < (1 - nug ()PN-D/MN)T

x (F(A(0)) — F*).

Step 3: Deriving the iteration count (12).
We want AF(T) <e. By (45), it suffices to have

(1-pTAF(0) < &

ie.,
5 AF(0)
T log(1 — <1 = —1 . 46
og(1=p) < log x5 0g — (46)
Since p € (0, 1), we have log(1 — p) < 0 and the standard inequality log(1 — p) < —p (valid for all
p € (0,1)), so (46) is satisfied whenever

1 A
—Tp < —log A}—(O), ie., T > —log }—(O).
€ p €
Substituting p from (44):
1 F(A(0)) — F*
> .
L2 i @ 8 e e

This is the exact bound (11), valid for any admissible step 7n; the contraction rate scales with the
actual 7, so no n-independent count holds without a lower bound on 7. To obtain the n-independent
form (12) we now assume 1 = O(n}) and substitute the curvature-dependent step-size ceiling.
By (9):

. Umin(A)2(N_1)/N
K = 4CN(M3N_4GK7R7D + LK7R7DM4N_4) '

The dominant curvature-dependent term in the denominator is Ly r pM AN=4 From the definition
Of LK,R,D (5)

1 & ~
Lxkrp= ; I€il|* [Sk (R)? Hi (D) + D Bx(R)].
For Wliitened data, =3 [|&||* = tr(I4,) = do, a curvature-independent data constant. Since K <0
here, Sk (R) = Sk (R) and the curvature-dependent part is Si (R)2Hg (D) + D By (R), where:
e Sk(R) =sinh(y/kR)/(v/kR) > 1, and Sk (R)? dominates for \/k R > 1;
e Hi (D)= \/kDcoth(y/k D) >1;
e DBy(R) > 0.

Therefore Ly g p = O(Sk(R)?) (up to factors depending on Hy (D), Bi(R), and data constants),
giving

U O(SK(lR)2)

(with the implicit constant depending on M, N, Gk g p and data quantities, but not on K through
any other channel).
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Under 1 = O(n}), substituting into (47) the numerator (¢/)20V="D/N of (9) contributes a second
factor (¢/)2N=1/N to the denominator of 7"

T -0 M3N_4GK,R,D+M4N_4LK,R,D
= 1ixe () AN=D/N
F(A(0)) —f*>
E b

x log

which is (12), whose leading curvature factor is the Sk (R)? inside Ly p p and whose remaining

one is Hg (D). The exponent is 4(N — 1)/N and not 2(N — 1)/N: writing 7} = O(1/Sk(R)?) and
displaying only one of the two factors would hide the other inside the implicit constant.

Step 4: The Euclidean case K = 0.
When K = 0:

e So(R) = 1,50 Lorp = 23 [I&)1> - [1-1+0] = L3 |&]1, which is data-dependent but
curvature-free;

o o=1-D-0=1;
e 75 = O(1) (a data-dependent constant independent of curvature).
The contraction (10) becomes
FA(T)) = F* < (1= n (¢2N-DM)T
X (F(A(0)) = F7),

and the iteration count (12) becomes

1 F(A(0)) — F~*
T= O<(61)4(N—1)/N log - 3:) ) ’

recovering the guarantee of Theorem 1 of Arora et al. (2018a) (equation (8) therein) for the Euclidean
deep linear network. The two sources of curvature cost are therefore visible, with Sx (R)? entering
through the step-size ceiling (a discretization cost) and px entering through the gradient-dominance
constant (a strong-convexity cost). O

D.6 Proof of General Curvature and the Positive-Curvature Corollary

Proof of Theorem 10. The strategy is to show that the proof of Theorem 3 (Appendix D.1) never
uses the sign of K; it uses only four comparison-geometry bounds on a constant-curvature space. For
K <0 these bounds hold globally (Hadamard manifold); for K > 0 they hold within the injectivity
radius inj = 7/ VK. We verify each bound, then confirm that every algebraic step of the proof
carries over unchanged.

Step 1: The four geometric bounds for general K.

Let (Mp, gn) be the simply connected space form of constant sectional curvature K € R. When
K > 0, this is the sphere S~ (#) of radius 1/vK, with injectivity radius inj = 7/v/ K. Fix a base
point oy € My.
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Bound 1: Rauch comparison (||Dexp,, (v)|lop < Sk(R) for [[v]| < R). The differential
Dexp,, (v) maps ToVy =~ R to Texp(v)Mn. By the Gauss lemma, the radial singular value is 1.
Each transverse singular value equals sng (||v]|)/||v||, the ratio of the Jacobi field on My to the
Euclidean Jacobi field, evaluated at distance ||v|| from the origin. For constant curvature K this
ratio is (el
SN ||V
D — s,

where

sin(VKr)/VK K >0,

sng(r)=<r K =0,
sinh(v/kr)/v/k K <O0.

Case K < 0: sinh(t)/t > 1 for all t > 0, so Sk (r) > 1 and the maximum over ||v|| < R is Sk (R)
(monotone increasing). The bound holds globally.

Case K > 0: sin(f)/6 is positive and bounded for § € (0,7/2). For |[v]| < R < 7/(2VK), we have
VK]||v|| € [0,7/2), so sng(||v|]) > 0 and Sk (||Jv]|) = sin(v'K|v||)/(VE||v|)) € (0,1]. The supremum
over [[v]| < Ris Sk (07) =1 (since sinf/6 — 1 as § — 0), but more precisely supj,j<p Sk ([[v]]) =1
with Sk (R) < 1 at the boundary. For the operator-norm upper bound, the relevant quantity is
Sk(R) = max(1, Sk (R)) = 1 when K > 0 (the radial direction gives the maximum). Accordingly
the factor entering the smoothness constant (5) is Sx(R)2 = 1, not Sk (R)?: for K > 0 there is no
transverse Rauch-factor penalty in the operator-norm smoothness bound, although the D By (R)
term remains.

In either case, || D exp,, (v)|lop < max(1, Sk (R)) is finite under the stated radius constraint.

Bound 2: Second derivative of the exponential map (|| D? exp,,. (v)|op < Br(R) for |v|| < R).
The second derivative D? exp,, (v) is a bilinear map on RN, On a constant-curvature space, its
components are expressed in terms of derivatives of the Jacobi field ratio. In the radial direction,
D? exp vanishes (the exponential map is a radial isometry, hence affine in the radial variable). In
the transverse directions, the norm is controlled by S%(||v]|) - [|v|| and cross terms.

Case K = 0: exp,, (v) = oy + v (a translation), so D? exp = 0 and By(R) = 0.

Case K < 0: Bg(R) is finite and increasing in R (the hyperbolic exponential map has bounded
second derivatives on any compact set).

Case K > 0: For R < n/(2v/K), the Jacobi field sng (r) = sin(v/Kr)/vK and all its derivatives
are smooth and bounded on [0, R]. Therefore Bi(R) := supj,<r 1D? exp,,, (v)[lop < 00. Bi(R)

in fact remains finite throughout the injectivity radius R < 7/vVK (the closed form below gives
|D?exp|| = O(1/R) even at R = 7/(2v/K), where cos(v/KR) = 0), so the exponential map does
not degenerate there. The tighter restriction R, D < 7/(2v/K) imposed in Theorem 10 is not
needed to bound D?exp; it is imposed to keep the transverse squared-distance Hessian positive,
ie. fg(D) € (0,1) and Hg (D) =1 (Bound 3), so that the comparison bounds hold in a strongly
controlled convexity region.

Closed form on a space form. In geodesic polar coordinates dr? + sng(r)2d6? the curve t
exp,, (Re1 +tez) has r(0) = R, 7/(0) = 0, "(0) = 1/R, #'(0) = 1/R and 6" (0) = 0, so its acceleration
at t = 0 is purely radial, while the mixed derivative is the radial derivative of the transverse Jacobi
field. Hence

1 R R
HD2 exp,, (Re1)lez, e2]|| = ’E - SnK(]);an() ’
R R
HDQ eXp()N(Rel)[el,eQ]H _ ‘Cni%( ) B Snll(%(g ) ,
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and D?exp, (Re1)[e1, e1] = 0 because exp is a radial isometry. Both quantities vanish identically
at K = 0, confirming By(R) = 0. For K < 0, using snx (R)cng (R)/R? = \/k coth(y/kR)Sk (R)?,
they give

Bi(R) = O(Vr Sk (R)?). (48)

Bound 3: Hessian comparison for the squared distance (||V2¢;|lop < Hg (D) for d(p;,y;) <
D). The Hessian of ¢;(p) = 2d(p,y;)* at p; with D; := d(p;,y;) has radial eigenvalue 1 and
transverse eigenvalue fx(D;) = Diceng (D;)/sng (D;).
Case K <0: frx(D;) = Diy/kcoth(y/kD;) > 1, so Hix (D) = max(1, fx(D)) = fx(D) > 1.
Case K > 0: fr(D;) = DiVK cot(vKD;). For VKD; € (0,7/2), cot(6) > 0 and fcot 6 € (0,1)
(since 6 < tan@ for 0 € (0,7/2)). Therefore fx(D;) € (0,1) and

Hp (D) = max(1, fx(D)) =1  for VKD < /2.

The Hessian comparison therefore improves for K > 0, since the transverse eigenvalue drops below 1
and the overall bound is controlled by the radial eigenvalue alone.

The requirement is D < 7/(2vK) and not merely D < 7/VK: for VKD € (7/2,7) the
transverse eigenvalue fx (D) is negative and unbounded below, so Hx (D) = max(1, fx (D)) would
cease to bound ||V2¢;|lop. Under VKD < 7/2 we have fx(D) € (0,1), the bound is valid, and
Hi (D) =1.

Bound 4: Gradient bound (||V¢il| = d(pi,yi) < D). Vpdi = —log,(yi), so [Vl =
[ log, (i)l = d(p,y;) < D. This is a metric identity, valid on any Riemannian manifold when-
ever y; is within the injectivity radius of p;. For K > 0, the constraint D < 7/ (2\/? ) < inj ensures
this.

Step 2: The algebraic structure is unchanged.
We now verify that every step of the proof of Theorem 3 (Appendix D.1) goes through with the
general-K constants.

Stage 1 (Gradient flow). The continuous-time descent (Corollary 4, equation (8)) uses only
the preconditioner Py (G) = Zj WitinW yGWH ;1 Wij—1 and its eigenvalue lower bound
Jmin(A)2(N /N These are determined by the algebraic structure of the weight factorization and
are independent of the manifold geometry. Stage 1 therefore holds for any K without modification.

Stage 2, Step 1 (Pullback gradient). The chain-rule formula (14),
1 % * *
G= m Z[D eXPoN(A&')] 10gpi (vi) &
i=1

is valid on any Riemannian manifold where exp and log are well-defined. For K > 0, this requires
|A&;|| < inj and d(p;, ;) < inj, which are guaranteed by the tube constraints R < 7/(2vK) and
D < 7/(2VK).

Stage 2, Step 2 (Smoothness). The Hessian bound
ID*F(A)[A, A]] < Li.rpllAllfs

was derived in the proof of Theorem 3 using Bounds 1-4 above. Since all four bounds remain valid
for K > 0 under the stated radius constraints, the smoothness constant Lx r p (5) is finite and the
quadratic upper bound holds.
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Stage 2, Steps 3-6 (Factor gradients, expansion, coercivity, combination). Steps 3-5
are algebraic. The factor-gradient formula Vy, £ = W;'k+1: NGWI*:jflv the multinomial expansion
At = A —Pa(G) + R, and the coercivity bound (G, Pa(G)) > 30min(A)>N VNG| g (from
hypothesis (3) of Theorem 3) involve only the weight matrices and the gradient G, not the geometry
of My. Step 6 combines the first-order coercivity with the Lg r p-smoothness bound and the
step-size condition (6); since Lk g p is now the general-K value and Gk g p is the gradient norm
bound on the general-K tube, the arithmetic is identical and yields (7).

Trajectory containment (Lemma 8). Part (b) (balancedness preservation) is purely algebraic
in the weight matrices and carries over verbatim for any K. Part (c) does not carry over unchanged:
its lower singular-value bound is derived through the distance inequality of Step 2 of Appendix D.4,
which uses the nonpositive-curvature expansion d(exp,, u,exp,, v) > |[[u — v||. For K > 0 the
exponential map contracts transverse distances, so this inequality fails in the transverse directions
and the deficiency-margin argument for oy (A(t)) > ¢ has to be re-derived with curvature-corrected
constants; we do not claim it here. Consequently Theorem 10 is stated as a one-step descent
lemma for K > 0, and the full trajectory induction (Lemma 8) and the end-to-end convergence
rate (Theorem 9) are established only for K < 0. Part (a) (tube containment), where it applies,
requires F to be non-increasing, which follows from the descent lemma (7) together with the radius
and distance constraints R < 7/(2VK) and D < 7/(2V/K) that keep the trajectory within the
injectivity radius.

Since every ingredient of the proof of the single-step Theorem 3 remains valid under the stated
radius constraints, the conclusion (7) holds for all K € R. O

Proof of Corollary 11. We derive each of the four claims under K > 0 with VK R < /2 and
VKD < /2.

Claim (1): Sg(R) < 1. The Rauch factor is

Sic(R) = sn;;}R) _ sin\(/\I/?ERR).

Set 0 := VK R € (0,7/2). The elementary inequality sin < 6 for § > 0 gives

ing
SK(R):%<1.

More precisely, sin 6/ is strictly decreasing on (0, 7) with limp_,gsiné/6 = 1, so Sk (R) € (2/m, 1)
for 6 € (0,7/2).

Claim (2): Hg(D)=1. The Hessian comparison function is

_ _ceng(D) cos(VK D) - VK
DI =D G0) = P R DVE VR
= VK D cot(VK D).
Set o := VK D € (0,7/2). Then fx(D) = acota. For a € (0,7/2): tana > « (since %tama =

sec?a > 1 for a > 0), so cota < 1/av, giving accot « < 1. Since acot @ > 0 in this range, we have
fx(D) € (0,1). Therefore

Hgi (D) =max(1, fx(D)) = 1.
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The Hessian comparison penalty equals \/kD coth(y/kD) > 1 for large |K| when K < 0, and it is
absent for K > 0 within the stated range.

Claim (3): Sk(R) =1, so Lxrp — Lorp as D — 0. From (5):

Liro = o 61 [Sk(R) Hi (D) + D Bic(R)].

For K > 0 claim (1) gives Sg(R) < 1, so Sk(R) = max(1,Sk(R)) = 1: the contraction is felt
only in the transverse directions, while the operator norm of D exp is set by the unstretched radial
direction. With claim (2), Hx (D) =1, so

Lk rp = ;Z I1&]1? [1+ D Bg(R)]

1 2
o0 m;\llel = Lo,r,p|p_,o-

Note that the limit is approached from above: for D > 0 we have Bg (R) > 0, hence Lx g p > Lo.g.D-
Positive curvature therefore removes the Rauch factor from the smoothness constant but does not
push it below its Buclidean value. (For K < 0 the picture is different: Sg(R) = Sg(R) > 1 and
Hg(D) >1,s0 Lx.rp > Lorp by the exponentially growing factor S (R)?.)

Claim (4): nj — nj. From (9):

O'min(A)2(N_1)/N
A4CN(M3N4Gg rp + Lk g,pM*N 1)

Nk =

The numerator is curvature-independent, and by claim (3) Lxrp — Lorp as D — 0. The
gradient bound behaves the same way: ||G|| involves || D exp ||op = Sk(R) =1 and |V < D, so
Grk.r,p — Go,r,p as well. Hence nj — nj: positive curvature carries no Rauch-factor penalty, in
contrast with the exponential penalty 7% = O(e=2V*%) incurred for K < 0.

Summary. Negative curvature (K < 0) has Sx(R) > 1 and Hg (D) > 1, which increases the
smoothness constant L g p and shrinks the maximum stable step size % = O(1/Sk(R)?). Positive
curvature (K > 0) removes both penalties, with Sk (R) = 1 and Hg (D) = 1 returning Lg g p to its
Euclidean value as D — 0, so that nj — nj rather than exceeding it. The exponential map on a
sphere compresses transverse distances, but the radial singular value remains one; consequently the
worst-case operator-norm guarantee returns to the Euclidean ceiling rather than proving a larger
one. On a hyperbolic space it stretches transverse directions, sharpening the loss and demanding
smaller steps. O

D.7 Proof of the Tangent-Space Surrogate

Proof of Proposition 12. The argument shows that the tangent-space surrogate £ (3) is, from the
standpoint of optimization, the Euclidean deep linear network studied by Arora et al. (2018a), so
their convergence theorem applies directly with no curvature-dependent modification. We make this
precise in six steps.

Step 1: The surrogate is a squared Frobenius loss on whitened data.
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Recall the definitions from Section A.2. The tangent-space data are & := logd (z;) € R% and
7i := log& (i) € R, and the surrogate is

1 & §
EW) = %ZHA&—%HZ,
i—1

A::WhNZWN'--Wl.

(3)

Once the logarithmic maps have been applied to form &; and ¢;, the surrogate lives in Euclidean
space. Both A¢; and §j; are vectors in RV, and the norm || - || is the standard Euclidean norm. No

exponential map, geodesic distance, or manifold structure appears in &.
Define the data matrices X = [¢1 -+ &) € RO*™ and YV := [§1 -+ §m] € RN*™. Then

1
EW) = 5|l AX ~ V3.

Since the data are whitened (1 37, &&= LX X" = I,)), the standard calculation (see equation (1)
of Arora et al. (2018a)) gives

1
EW) = §|!A—‘1>||12{s+5*, (49)
where ® := %YX T € R9*do ig the cross-covariance (the tangent-space target matrix) and £* :=

miny £(W) > 0 does not depend on A.

Equation (49) is identical in form to the loss £'(W) = %||[W — @||%. of equation (2) in Arora

et al. (2018a). The curvature parameter K entered only in the definition of the logarithmic map
that produced &; and g;; once those vectors are fixed, £ is a standard Euclidean quadratic.

Step 2: The gradient of £ is curvature-free.
Differentiating (49) with respect to the end-to-end matrix:

VAE(A)=A— 0. (50)

The surrogate gradient is a linear function of A, independent of K. Compare with the intrinsic
gradient (14):

1 * *
VAF(A) = = 3" [Dexp, (A6) log,, (5) €
i
which involves the differential D exp (curvature-dependent via the Rauch factor) and the logarithmic
map log,, (yi) (curvature-dependent via the geodesic distance). The surrogate gradient contains none

of these terms, with no D exp, no log,, and no Rauch factor.
The factor gradients are, by the chain rule:

ijg: ]?:»LN(A_Q))Wl*:jfl? j:].,...7N,

which are again algebraic in the weights and the fixed Euclidean data.

Step 3: Smoothness and strong convexity are curvature-free.
Smoothness. The Hessian of the end-to-end pullback £!(A) := %HA — D% is

D2EY(A)A,A] = | Aljfs  for all A € RIvXdo,

That is, &' is exactly 1-smooth and 1-strongly convex (the generic bound (5) gives the looser constant
do, since it passes through ||A&] < ||&]|||A| instead of the whitening identity) (with respect to
| - [[zs) with no curvature dependence.
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Comparing with the intrinsic pullback, whose smoothness constant is Lx g p (5), the Hessian
there had two terms, the Hessian comparison Hy (D) weighted by Sk (R)? and the D By (R)
correction from D? exp. For the surrogate, both terms collapse, because there is no exponential map,
so Dexp=1 (Skg — 1), D?exp =0 (Bx — 0), and V2¢; = I (Hx — 1). The smoothness constant

of &1 is thus
ZH@H? (1% 1+0] = ZH&HQ

= tr([do) =dy
for whitened data (or 1 per coordinate), independent of K.
Strong convexity. By the same token, D*EV(A)[A,A] = ||Allfs > 1+ |All%g, so EV is p = 1-
strongly convex. Compare with Lemma 6, where the intrinsic pullback has ugx =1 — D Bg(R) < 1

for K < 0.
Gradient dominance. The Polyak-Lojasiewicz inequality for £! is

IVAE (A)l[s = A — @lffs = 2€'(A)
=2(&1(A) - &),
since £1* = 0 when the target is realizable (or the constant term otherwise). This holds with
constant 2 = 2, with no curvature factor.

Step 4: Applying the Arora et al. convergence theorem.

Steps 1-3 show that gradient descent on the factorized loss £(Wq, ..., Wy) = EL(Wi.n) is the
problem studied by Arora et al. (2018a), a depth-N linear network minimizing 3 ||Wi.xy — ®||% over
whitened data. Their Theorem 1 (equation (8) therein) gives: if the initialization is d-balanced
(Definition 1) with deficiency margin ¢/ > 0 (Definition 2) and the learning rate satisfies

(C/)(4N72)/N

< = 78, (51)
6N—4)/N
Cf N @
then for any € > 0 and
1 EW(0)) —&*
>

the loss satisfies E(W(T')) — &* < e, where £* := miny E(W) is the irreducible leabt bquareb residual.
The gap € — £, not & itself, is the quantity that contracts: by (49), E(W) — &* = $||A — ||,

which vanishes only when the tangent-space problem is realizable.
More explicitly, the proof of their Theorem 1 establishes a single-step descent for the least-squares

gap:
EW(t+1)—E<EW(t) —&
— 2 omin (AWM NN A(E) - @
Trajectory containment gives oumin(A(t)) > ¢ and 25-balancedness, while || A(t)—®||fs = 2(E(W (t))—

E*). Hence
EW(t+1)) — & < (1—n(d)NINY (W (1) - £Y),

which yields (52).

Step 5: Curvature independence.
We now verify that no quantity in the convergence guarantee depends on K (or equivalently on
k= |K]|).

46



(i) Step-size ceiling nf§ (equation (51)): depends on ¢/, N, and ||®| z. The deficiency margin ¢’ and
the target ® are properties of the initialization and the tangent-space data (&;,9;), which are
fixed once the logarithmic maps are applied. Changing K would change the values of &;, ¢;, but
the proposition holds “on the same data and weights,” meaning that we compare the two losses
at the same (§;,7;) and the same initialization. Therefore 775 is curvature-free.

Contraction factor p = n(c’)Q(Nfl)/N : depends on 1 and ¢, both curvature-free.

|2 = dy for whitened data, curvature-free.

)

(iii) Smoothness constant Lg: equals = >~ ||&;
) Strong-convexity constant p: equals 1, curvature-free.
)

Iteration count (52): T = (n(c/)>*N=D/N)=Llog((E(W(0)) — £*)/¢), curvature-free.

In contrast, for the intrinsic loss L (Theorem 9), the step size is 7} = O(1/Sk(R)?) (curvature
enters via L g p (5)), the strong-convexity constant is iy = 1—D Bg(R) < 1 for K < 0 (Lemma 6),
and the iteration count is O(Sk (R)?/uk - ...) (12).

Step 6: The K = 0 collapse.
When K = 0, the manifold My is Euclidean and the exponential map is the identity: exp, (v) =
on +v. Then for whitened data centered at the origin (o = 0):

do(expo(A&), yi)? = || A& — G|,

so Lo(W) = E(W) identically. The intrinsic smoothness constant collapses to Lo gp = = > [|&]* =
Lg, the strong-convexity constant to pp = 1, and the step-size ceiling to 7§ = 775. The two
convergence guarantees, Theorem 9 for Lx and Proposition 12 for £, coincide at K = 0.

For K # 0, the difference between the two guarantees is the curvature cost. The intrinsic loss
incurs Sk (R)? in its step-size ceiling and (1 — D B (R))~! in its strong-convexity degradation, while
the surrogate incurs neither. The comparison confirms that the curvature dependence originates
from measuring error on the manifold (via d?), not from the network architecture or the factorized
parameterization. [l

D.8 Proof of the Landscape Theorem

Proof of Theorem 13. Let A € Tr p be a critical point and let A* be a tube minimizer such that
[A, A*] C Tr,p. Under the hypotheses of Lemma 6,

pr = min(1, Sg(R)?fx (D)) — DBg(R) > 0.

Lemma 7 gives

IVAF(A)lls = 201x (F(A) = F*).

At a critical point the left-hand side is zero, and therefore F(A) = F*.

For K <0, ux =1 — DBg(R), so the conclusion holds on every tube with DBy (R) < 1. For
K > 0, the same argument applies within the stated radius restrictions whenever Sk (R)?fx (D) —
DBk (R) > 0. The result is local: it says that every critical point satisfying the stated segment
condition is a minimizer of the end-to-end pullback on the tube. It does not assert that curvature
preserves the number or locations of critical points, and it does not concern critical points of the
factorized weight-space loss.

When K = 0, F(A) = 1||A — ®||}g + £, so the unique end-to-end minimizer is A = ®. O
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D.9 Proof of the Adaptive Schedule

Proof of Proposition 15. Fix an iterate satisfying Lemma 8 and work on the fixed tube Tp p. The
segment estimate in the proof of that lemma supplies a positive threshold 7see such that all smaller
steps have their update segments in the fixed tube. On this tube, F has smoothness constant Ly p p
and gradient bound Gy g p-

The trial step is capped by 79 and repeatedly halved. After finitely many halvings it is no larger

than
) O'min(A(t))2(N_1)/N
P er 4O (MBN=4G e p p + Ly p o MAN—4) [
v ( k,rR,D T LK RD )

The segment and step-size hypotheses of Theorem 3 then hold, so (7) is accepted. This proves finite
termination.

The induction of Lemma 8 extends to accepted variable steps n; < 19. In the balancedness
estimate, Y, n?[|G(t)[|? < no X, me[|G(t)||?, and the latter sum is bounded by telescoping the accepted
descent inequalities. The singular-value and tube arguments use only monotone decrease, the uniform
step cap, and the accepted segment test. Hence the containment, balancedness, and singular-value
conclusions persist.

Remark 17 is conditional and is not used in this proof; in particular, no uniform lower bound of
order 1/Sk(R)? is claimed for every accepted step. O

D.10 Proof of Gradient Anisotropy
Proof of Proposition 18. Write Gk (A) := V4 F(A) and v; := AE;. The exact pullback gradient is

Gre(A) = = S [Dexp,(v0)]" g, ()€, pi = expole). (53)

Early phase. For f;(v) := 3d(exp,(v),y;)% one has Vf;(0) = —g;. Its Hessian at the base point
has radial eigenvalue one and transverse eigenvalue

- eng ([[7:]]) "
19ill —7=75 = 1+ Ol1ill7).
s ([7i])
Taylor expansion and whitening give
Gie(4) = A= @+ 0somax 214 + A1) = Tag(4)+ OC---) (54)

Thus the two end-to-end gradients agree to leading order in the stated early-phase regime. This is a
local vector-field comparison, not a characterization of the final implicit bias or selected solution.

Late-phase anisotropy. D exp,(v;) has radial singular value one and transverse singular values
Sk (||lvil]). If A =3, opurCy and & aligns with (i, then ||v;|| ~ oy||&]]. Equation (53) therefore
leaves radial residual components unchanged and weights transverse components by Sk (or|/&])-
They are amplified for K < 0 and damped for K > 0 within the injectivity radius.

Stationary-limit condition. Exact balancedness gives A = —Pa(Gk), so any stationary limit
satisfies
Pac(Gg(AY)) = 0. (55)
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For N =1, P4 =1. For N > 2, take a full SVD with orthonormal extensions and zero singular
values beyond the rank. The preconditioner eigenvalue on ugv; is

)

N
Z 2(N— J/N( o)) 2(j-1)/N

Jj=1

which vanishes only when both associated singular values are zero. Thus G (A*) can have support
only on pairs of unused left and right singular directions. Because Gk contains the curvature-
dependent adjoint [D exp]*, curvature changes the stationarity equation, but this does not prove that
different curvatures select different limits. At K = 0, the condition reduces to Euclidean stationarity
with Go(A) = A — ®. O
D.11 Proof of the Sharpness Construction

Proof of Proposition 20. We exhibit a configuration in which the Rauch factor is attained exactly as
a Hessian eigenvalue at a stationary point, so that the linear-stability threshold of gradient descent
is 2/Sk(R)? and the ceiling 7% = O(1/Sk(R)?) of Theorem 3 cannot be improved.

Step 1: The construction.
Choose:

e output dimension dy = n > 2, input dimension dg = 1;

e depth N =1, so the end-to-end matrix is a vector a € R";

e one data point, m = 1, with £ = 1;

e target y = exp,, (Re1), where e; is the first standard basis vector;
e initial parameter ag = Re;.

Then exp, (ag) = y, so the loss

Fla)=1 d(expoN< ), )% =: ¢1(exp,, (a)),

(56)
$1(p) := 5d(p,y)*,
vanishes at ag and ag is a global minimizer, hence a stationary point: V.F(ag) = 0. The residual is
D =0, so the smoothness constant (5) with m =1 and ||&|| =1 is
Li.ro = Sx(R)? Hi(0) + 0 - Bx(R) (57)

= Sk(R)*> (K <0),

using Hg (0) = max(1, fx(0)) = 1 from the continuity convention of Appendix A.4 and Sk (R) =
Sk(R) > 1 for K < 0.

Placing the target at the image of ag, rather than at exp, (se1) with s # R, is what makes the
argument a genuine stability statement. With s # R the point ag is not stationary: gradient descent
moves it along the radial geodesic, and a transverse perturbation would have to be tracked along a
moving base point. Worse, by rotational symmetry about the ej-axis a trajectory started on the
axis stays on it, so the transverse coordinate is identically zero and never grows. At a stationary
point both problems disappear.
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Step 2: The Hessian at agp (Claim 1).
By the decomposition of Step 2 of Appendix D.1, the Hessian of F at a in a direction A is

D?F(a)[A,A] = <v2¢1\p(D exp(a)A), Dexp(a)A)

)
+ (Va1 DX exp(a)[A, A,
(n
with p = exp,, (a). At a = ap we have p =y, so V¢1|, = —log,(y) = 0 and Term (II) vanishes
identically. No alignment argument and no bound on Bg (R) is needed. Term (I) is evaluated with
V2¢1|, = I, the Hessian of %d(-, y)? at its own minimizer, leaving

D2F(ag)[A, A] = | Dexp,,, (Rer) A% (58)

By the Jacobi-field decomposition of D exp,, (Re1) (Bound 1 of Appendix D.6), the radial singular
value is 1 and each transverse singular value is Sk (R). Hence for a purely transverse perturbation
A = ceo,

D*F(ao)|A, A] = Sk(R)*e® = Lic,ro |AlIEs

by (57), while a radial perturbation gives ||A||%g. For K < 0 we have Sk (R) > 1, so the transverse
value is the top eigenvalue, and the Rauch bound used in the smoothness proof is attained rather
than merely bounding. This is Claim 1.

Step 3: Linear instability (Claims 2 and 3).
Because ag is stationary, gradient descent a — a — nV.F(a) linearizes there to

A — (I —nD*F(ap))A,

2 in each transverse

a linear map whose eigenvalues are 1 — 7 in the radial direction and 1 — Sk (R)
direction. The fixed point ag is linearly stable exactly when the spectral radius is at most 1, that is
when 1 < 2/Sk(R)? (the transverse directions bind, since Sk (R) > 1). For every n > 2/Sk(R)?
the transverse multiplier has modulus greater than 1 and the perturbation grows geometrically in
the linearised range, so gradient descent is linearly unstable at ag. This is Claim 2, and it gives the

exact threshold

2 1
Nerit = SK(R>2 - @<SK(R)2> ) (59>
which is Claim 3. Unlike the analysis of a non-stationary point, this is exact for every R > 0 and
needs no \/kR > 1 asymptotics; for /&R > 1 one may substitute Sx(R)% ~ e2V*1/(4kR?) to read
off the exponential decay. Comparing with 1 = O(1/Sk(R)?) from (9), the ceiling of Theorem 3
has the correct dependence on the Rauch factor and cannot be improved.

What the construction does and does not show. It shows that the Sk (R)? factor in Lk rD
is attained, and hence that no analysis can remove it. It does not certify tightness of the Hg (D)
and D B (R) terms, which vanish here because the residual is zero; those enter only away from the
optimum, and Proposition 15 is what removes the first of them. O

E Experimental Details and Further Results

We illustrate the qualitative predictions of the descent theory on the deep-linear network of Ap-
pendix A.1 with every layer on the same constant-curvature model: linear convergence (Theorem 9),
the curvature-explicit step-size ceiling % = O(1/Sk(R)?) (Theorem 3, Corollary 11), and the
K — 0 collapse onto the tangent-space surrogate (Proposition 12) as a control.
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E.1 Setup

We use the k-stereographic model of Appendix C (Bachmann et al., 2020), the one model in which
K can be swept continuously from spherical (K > 0) through Euclidean (K = 0) to hyperbolic
(K < 0) without changing coordinates. At K = 0 the model is R? and Ly = &, so Figure 2 of the
main paper can plot a single curve against signed K. The experiments use the collapse identity (1)
h = exp,(Wi.n log,(z)), the intrinsic loss Lx (2), and the surrogate £ (3), with gradients taken
with respect to the individual factors W;. Unless stated otherwise we use depth N = 3, width
d = 6, m = 300 samples, bounded radius R = 1.2, and an initialization that is exactly balanced at
t =0 (0 =0, with each W; a scaled orthogonal matrix). A single tangent-space regression problem
is generated once and reused at every curvature via z(9 = exp, ("), y® = exp,(§?), so that
curvature enters only through the geometry and never through the data. The inputs are isotropic
with ||Z(?)|| < R, so their population covariance is a multiple of the identity and the sample covariance
is close to it, a scale that cancels in the ratio A} /\j reported below. Unless stated otherwise all
results average over 50 seeds.

Experimental protocol. All geometric quantities are evaluated in double precision, since the
stereographic model is numerically unstable at single precision. To reach the optimum we run
full-batch gradient descent on the factors at a small fixed step (7 = 0.02) until convergence. The
near-optimum Hessian eigenvalue A} is then obtained by power iteration (80 steps) on Hessian—vector
products in the end-to-end matrix A at the converged solution, so that the measured quantity is the
top eigenvalue of D?F, which is what L g p bounds. The robustness sweep (Figure S3) comprises
4-3-50-7= 4,200 independent configurations.

E.2 Expectations of the Theory

Curvature enters the descent lemma only through the smoothness constant Lg g p (5), and hence
only through the step-size ceiling 7% = O(1/Sk(R)?) (9). A larger Sk (R) (more negative curvature)
forces a smaller stable step, while Corollary 11 gives S k(R) =1 for K > 0, so positive curvature
returns the ceiling to its Euclidean value rather than enlarging it. The constant Lx g p is a worst-case
bound, and the whole-trajectory stable step from a high-residual initialization is dominated by
the large-D region and is nearly curvature-flat, so it is not an informative probe. The informative
quantity is instead the late-phase sharpness. For K < 0, the sharpness construction and comparison
bounds identify Sy (R)? as the transverse scale that can control the local Hessian and the stability
ceiling n* = 2/A}%. For K > 0, the worst-case operator-norm factor is instead gK(R)2 = 1;
positive-curvature measurements are therefore empirical and are not consequences of an Sk (R)? top-
eigenvalue theorem. We report the near-optimum sharpness rather than an inflated whole-trajectory
step size.

E.3 Results

Figure 2 of the main paper reports four measurements against signed curvature K € {1, %, 0, —%, -1,
—2,—4,—6,—8} at R = 1.2 and is discussed there: every curvature converges linearly at a fixed
step size, the K = 0 trajectory coincides with the Euclidean surrogate to machine precision, the
near-optimum sharpness A}, is monotone in K, the negative-curvature ratio A} /\j follows the
identity line against Sk (R)? qualitatively, and the d-balancedness defect stays < 107! throughout
training. As a control, the tangent surrogate £ has a convergence exponent independent of K.
Figure S1 adds the fixed-step counterpart of that sharpness measurement: the single-step

convergence exponent |b| of the intrinsic loss equals the surrogate exponent at K = 0 and moves
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Figure S1: Curvature-collapse check. The single-step convergence exponent |b|, the slope of log loss against
gradient-descent step fitted over the middle of the trajectory, of the intrinsic loss equals the Euclidean
tangent-surrogate exponent at K = 0 (dashed line) and moves with curvature away from it. The coincidence
at K =0 is the Ly = & collapse of Proposition 12.

with curvature away from it, which is the collapse Lo = & of Proposition 12 seen along the trajectory
rather than at the optimum.

Additional experiments. Three further experiments probe robustness and the remaining struc-
tural results.

Robustness of the negative-curvature Si (R)? scale. Figure S3 repeats the sharpness measurement
across four radii, three architectures, 50 seeds, and seven curvatures. For K < 0, the horizontal
axis Sk (R)? is the theoretically motivated transverse scale. Positive-curvature points are shown
only as an empirical extension and are excluded from any theorem-based agreement claim. The
negative-curvature measurements follow the predicted trend in the controlled range \/WR <2,
with increased scatter near the boundary where the Hx and Bg terms become more influential.

Surrogate as curvature-free control (Proposition 12). Figure S2 compares the intrinsic loss Lx
under intrinsic gradient descent with the surrogate loss £ under surrogate gradient descent at the
same step size. The surrogate curves overlap to machine precision across all K, so the surrogate
trajectory is curvature-free. The intrinsic curves separate. More negative curvature produces steeper
initial descent (the intrinsic gradient is amplified by the metric) but is eventually limited by the
tighter step-size ceiling.

No spurious critical points (Theorem 13). Figure S4 launches 50 balanced initializations at each
of K € {0,—1,—4} on the tube. Every trajectory reaches the global minimum (final loss < 1073 in
all cases), consistent with Theorem 13, under which every local minimum on the tube is global.

Scope and limitations. These experiments illustrate the sign and shape of the descent theory
rather than verifying its constants or hypotheses (they do not check tube containment, the deficiency
margin, or the exact ceiling constants). Since L g p is a worst-case upper bound, the curvature
penalty is a late-phase phenomenon visible in the near-optimum sharpness rather than in the
whole-trajectory step size, and for K < 0, A} tracks the S i (R)? scale only up to the higher-order
Hy and By terms. For positive curvature, the observed stable steps may exceed the Euclidean
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Figure S2: Surrogate as a curvature-free control (Proposition 12). (a) Under intrinsic gradient descent

the normalized intrinsic loss Lk (t)/Lk(0) separates with curvature (colored by K). (b) Under surrogate

gradient descent the normalized surrogate loss £(¢)/£(0) is independent of K and the curves coincide, as the
surrogate loss and its gradient do not depend on the curvature.

empirical threshold in these instances; this is an empirical observation, stronger than and not implied
by the worst-case guarantee of Corollary 11 (see the remark following Corollary 11). The setting is
deep-linear and bias-free with a single constant-curvature manifold, and nonlinear activations and
Mobius biases fall outside our scope.
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Figure S3: Robustness of the negative-curvature S (R)? scale. Measured sharpness ratio A /\§ versus
Sk (R)? across four radii, three architectures, and 50 seeds. For K < 0, Sk(R)? is the transverse scale
predicted by the negative-curvature analysis. Positive-curvature points are empirical only, because the
corresponding worst-case operator-norm factor is Sk (R)? = 1. Increased scatter near the boundary reflects
the higher-order Hx and By terms.
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Figure S4: No spurious critical points on the tube (Theorem 13). Final loss of 50 random balanced, in-tube
initializations at each curvature. Every run reaches the global minimum (below the dashed 1073 threshold),
which is consistent with—but does not by itself prove—the local tube theorem.
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