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Abstract

We propose a unified accelerated proximal framework for optimization in Wasserstein and H*
spaces. First, we develop an accelerated Jordan—Kinderlehrer—Otto (JKO) scheme that applies
Nesterov-style momentum directly in Wasserstein space. Unlike prior work, which requires strong
convexity of G along generalized geodesics, our analysis requires only (non-strong) geodesic
convexity, yet achieves an O(1/t?) rate on the objective gap, with the iterate-to-optimum squared
Wasserstein distance bounded uniformly in ¢. Second, we introduce an Accelerated Sobolev
Gradient Ascent (ASGA) algorithm for Wasserstein barycenters. Via a proximal step, ASGA
achieves O(1/t?) convergence, improving on the O(1/v/T) rate of the non-accelerated Sobolev
Gradient Ascent of [34] while retaining its projection-free structure, which eliminates expensive
c-concavity projections. Together these results unify optimal transport geometry with accelerated
first-order methods, yielding both theoretical guarantees and practical algorithms for large-scale
transport and generative modeling.

1 Introduction

Recent years have seen growing interest in optimization over spaces of probability measures, driven
by applications in generative modeling and optimal transport. The Wasserstein space Po(R%),
equipped with the W5 metric, provides a natural Riemannian-type geometry for analyzing the
evolution of distributions [8]. A landmark result in this area is the Jordan-Kinderlehrer-Otto
(JKO) scheme [33], which interprets the Fokker—Planck equation as a Wasserstein gradient flow and
discretizes it via implicit Euler (proximal) steps. This insight has spurred a line of work on scalable
JKO approximations using neural networks, yielding flow-based generative models with tractable
likelihoods [61, 19, 7, 47, 59]. However, theoretical guarantees for these models have so far required
strong convexity of the objective functional along generalized geodesics [19], which restricts their
applicability and leaves the non-strongly-convex regime poorly understood.

A key recent motivation is to characterize the probabilistic behavior underlying the training
dynamics of generative models, encompassing GANs [27, 29|, VAEs [35, 36], normalizing flows [37],
and diffusion models [30, 55, 56, 3, 45|, within which sharper convergence guarantees for flow-based
methods remain a central theoretical objective. The strong-convexity assumption in existing JKO
analyses cannot be relaxed without fundamentally changing the proof strategy. In the Euclidean
setting, gradient descent on a A-strongly convex objective contracts at the geometric rate (1 — y\)¢,
but for A = 0 the rate degrades to O(1/t); the standard JKO analysis exhibits the same dichotomy,
with exponential contraction available only when A > 0 and only the slower O(1/t) rate available
otherwise [52]. In Euclidean optimization, this rate deficit is remedied by Nesterov acceleration
[48], which attains the optimal O(1/t?) rate for convex objectives via a momentum recursion and
admits geometric [12]|, dynamical [58, 60], and coupling-based |[5] interpretations, with subsequent



extensions to nonconvex [32|, step-size-based [28], and continuous-time probability-measure [18]
settings. No analogous accelerated discrete-time guarantee for the JKO scheme is presently available
under merely geodesically convex objectives. Our first contribution is to establish such a guarantee.

A parallel question arises in the dual geometry of optimal transport. The Wasserstein barycenter
[1], defined as the minimizer of

Blo) £ 3 5 Wi ump), (1)

provides a natural notion of averaging for distributions and has been widely applied to clustering
[31, 65|, Bayesian inference [57], and beyond. Computing barycenters is challenging: the problem
is NP-hard in high dimensions [6] and even in fixed dimension requires sophisticated primal-dual
formulations [66, 62, 64, 34]. The Sobolev gradient ascent (SGA) algorithm of [34] reformulates
the barycenter problem as the maximization of a concave Kantorovich-type functional over the
homogeneous Sobolev space H! and attains the standard non-smooth rate O(1/+/T), without the
restrictive c-concavity projections required by earlier dual methods. Our second contribution shows
that proper acceleration for the dual functional in HI! achieves an O(1/t?) rate.

Our Contributions. We study acceleration in Wasserstein and H' spaces.

e Accelerated proximal descent in Wasserstein space (Section 4.1). We propose and analyze
an accelerated JKO scheme that applies Nesterov-style momentum in Wasserstein space, with
applications to flow-based generative models. Unlike [19], which requires strong convexity (A > 0)
for exponential convergence, we require only geodesic convexity of G, yet achieve an O(1/t?)
convergence rate on the objective gap G(x;) — G(p*), with the squared Wasserstein distance
W2 (2, p*) bounded uniformly in ¢.

e Accelerated Sobolev Gradient Ascent for barycenters (Section 4.2). We introduce ASGA,
an accelerated variant of the SGA algorithm of [34] for the Wasserstein barycenter problem. With
a proximal oracle, ASGA achieves an O(1/t?) rate, improving quadratically over the O(1/v/T)
rate of (non-accelerated) SGA while retaining its constraint-free structure.

e Unified framework. Both algorithms instantiate a common three-sequence accelerated proximal
recursion—Nesterov’s method generalized to non-Euclidean geometries—highlighting the broad
applicability of acceleration beyond the Euclidean setting.

2 Related Works

Wasserstein Gradient Flows and Proximal Methods. The Wasserstein gradient flow frame-
work of [8] provides the analytical foundation for the JKO scheme [33] and its variants. On the
discretization side, [52| analyzes a Forward-Backward proximal scheme on Py with Euclidean-style
O(1/t) guarantees, and [53] establishes strong L*-H? convergence of the JKO sequence to the
continuous Fokker—Planck solution. [13] prove I'-convergence of entropic-regularized JKO steps to
their unregularized limit. Wasserstein gradient flows have also been used to analyze nonconvex
problems beyond sampling, including overparameterized two-layer networks via mean-field flow [20]
and discretization-free inference [25]. Our contribution sits within this proximal line and extends it
by accommodating geodesically (rather than strongly) convex objectives at an accelerated rate.



Generative Models, Flow-Based Methods, and Neural Optimal Transport. Beyond
the generative-model literature cited in Section 1, score-based diffusion has seen rapid progress in
convergence guarantees [11, 14, 16, 22, 40, 41, 50], whereas rigorous results for flow-based processes
remain scarcer. Recent analyses address continuous-time flow matching [4, 3] and ODE-based
samplers linked to SDE-trained scores |15, 17, 42]. A complementary line learns optimal transport
maps directly using neural architectures: stochastic dual formulations [26, 54|, input-convex networks
[9], and their use in optimal transport [46, 38, 39]. Closest to our work are JKO-inspired flow
architectures [19, 61] and related proposals |7, 47, 59|, which establish convergence by discretizing
Wasserstein gradient flows under strong convexity of the objective.

Barycenter Computation in Optimal Transport. Computational methods for the Wasserstein
barycenter [1] split into primal and dual approaches. Primal formulations recast the problem as a
linear program [66], tractable in theory but poorly scaling to high resolution. Fixed-point iterations
[66] and first-order Wasserstein descent [62] have been proposed, with quantitative guarantees largely
limited to Gaussian settings. Even the fixed-support variant is computationally hard: [43] show
that the standard linear-programming representation is not totally unimodular for m > 3 marginals
and provide a fast iterative-Bregman variant. Dual formulations avoid explicit OT maps. The
multimarginal OT perspective [49, 10] reduces computation but introduces O(m?) constraints without
convergence guarantees. More recently, [34] proposed a nonconvex—concave minimax formulation
leading to the Wasserstein Descent-H'! Ascent (WDHA) algorithm, achieving O(T~'/2) rates at
the cost of an expensive projection. Their SGA algorithm eliminates this projection at the same
rate. A separate line of work on entropic regularization [21, 10, 51, 23, 24, 43, 44] offers scalable
approximations at the cost of bias.

Acceleration in Non-Euclidean Geometries. Our contributions instantiate Nesterov-style
acceleration in non-Euclidean settings, a topic with a substantial parallel history on Riemannian
manifolds. [63] establishes the foundational rates for first-order methods under geodesic convexity, and
[2] develop a Riemannian analog of Nesterov’s estimate-sequence framework. [18] study acceleration
in Py at the continuous-time level via a Hamiltonian-flow formulation; our work contributes a
discrete-time analog for the JKO recursion in P and the dual barycenter ascent in H.

3 Preliminaries

3.1 Notation

We work with probability measures over R?, denoted Pg(Rd), the set of distributions with finite
second moment:

Py = {P on RY : My(P) := /Rd |z||? dP(z) < oo}.

We denote by P; C P, the subset of measures absolutely continuous with respect to Lebesgue
measure (i.e., those possessing densities). We identify a density p with its corresponding distribution
and write X ~ p.

Given a measurable vector field v : R — R? and a distribution P, the L?(P)-norm is ||v||p :=
(f ()| dP(x))l/2 and the inner product is (u,v)p := [u(x)Tv(z)dP(z). Given a measurable
map T : R? — RY, the pushforward of P under T is denoted Ty P, defined by Ty P(A) := P(T~1(A))
for measurable sets A. For two maps S, T, we write S o T for their composition, and Id for the
identity map.



3.2 Wasserstein-2 Distance and Optimal Transport
Theorem 1 (Brenier). Let € Py and v € Py. Then:

1. There is a unique optimal coupling m, realized by a map T,] = Vo for some convex p, with
= (Id, T})pp.

2. W3 (p,v) = infrip,u—y [ |lo — T(2)|] du(z).

8. If v € Py, then T}, is invertible p-a.e. and T} o T)] = 1d.

3.3 Convexity Along Generalized Geodesics

We define convexity along a generalized geodesic, which allows proximal methods to converge to a
global minimum.

Definition 2 (Convexity along generalized geodesics, [8, Def. 9.2.4]). A proper, lower semicontinuous
functional G : Py(R?) — (—o0, +00] is said to be A-convex along generalized geodesics (a.g.g.) if for
every v € Py(RY) and every p1, pa € P2(R?), denoting by T? the optimal transport map from v to
(i =1,2), the generalized geodesic

pi 7% = (=) T, + tTf)#I/
satisfies
G %) < (1=1)G(m) +tGlua) — FH(1— 1) W3 (1, p2), vt e [0,1].

When X = 0 we say G is convex along generalized geodesics; when A > 0 we say G is strongly convex
along generalized geodesics.

Proposition 3 (First-order inequality along generalized geodesics, [8, Thm. 10.3.6, Lem. 10.3.8]).
Let G : Po(R?) — (—o00, +00] be convex along generalized geodesics in the sense of Definition 2, and
fir 11 € Dom(G). If € € Ow,G(u1), then for every v € Py and every us € Pa, denoting by T.. the
OT map from v to p; (i=1,2),

Gp2) > G(u) + (§o Ty, To —1Ty)),.

Remark 4 (Generalized geodesics with arbitrary plans). [8, Def. 9.2.4] parametrizes generalized
geodesics by arbitrary 3-plans p € T'(v; p1, pe), not only OT plans; Definition 2 is the OT specializa-
tion. Under the original AGS definition, Proposition 3 extends to any transport maps S% pushing
v to wi, and standard gg-convex functionals (relative entropy, internal and potential energies, and
sums thereof; see [8, Ch. 9]) satisfy this stronger property. Our analysis uses Proposition 3 in this
extended form.

3.4 The Sobolev Space H'(Q)

Following the notation of [34], let Q C R? be a compact convex set and c(z,y) := 3|z — y[|3 be the
quadratic transport cost. For a function f : Q) — R, the c-transform is

Fé(a) = inf {e(a.y) = F)}.



The homogeneous Sobolev space is
HY(Q) := {f Q=R ‘ / IV f(x)|3dx < oo},
Q

endowed with inner product (f, 9)g1 = [(Vf(2), Vg(x)) dz and norm ||f|lz = ((f, f>H1)1/2 =
(Jo IVf(2)]3 dx) Y2 Elements are defined modulo additive constants. For a functional J H' - R,
its H'-gradient V.7 (f) is defined through the Riesz identity

<VJ(f)7h>H1 :5L7f(h)7 VhEHl,

where 077(h) denotes the Gateaux derivative at f in the direction h.

Unified Accelerated Framework We adopt a unified accelerated framework that extends
Nesterov’s method from the Euclidean setting to Wasserstein and H! geometries. The general scheme
is:

yr = (1 — ou)ze + oy, (
Tt+1 = PrOX(Ga Yt 7)7 (
zi+1 = Update(zt, ye, Teq1, 0, 7y),

—
=W N
—_ O

with a = 154%3 The operators Prox(-) and Update(-) depend on the underlying geometry:

e Case 0 (Euclidean / Nesterov).
Prox(G, e, ) = arg min{ G(u) + 5 u — w3},

Update(zbytaxt—&-la Oéta’Y) =zt + a%(wtﬂ - yt)-

e Case I (Wasserstein-2 setting). Iterates are realized as pushforwards of a common base z,
with Y; and X1 denoting maps from z; such that y; = (¥3) 2 and 241 = (Xoq1) 42

_ : 1 12
Prox(G, ys, ) = arg per%l&d){G(p) + 25 W3 (p, yt)},

Update(zt, g, 241, o, 7) = (Id + a%(XHl N Y}))#Zt-

e Case II (Hl setting).
Prox(G,y,v) = argm&n{G(u) + %HU _ yt”%I}’

Update(ze, Yo, Tr+1, @, ) = 20 + o (Te41 — ye)-

The same three-line recursion (2)—(4) thus simultaneously captures Nesterov’s acceleration in R™
(Case 0), the accelerated JKO scheme (Case I), and the accelerated dual barycenter update (Case
I1). Our main results, Theorems 8 and 11, are the O(1/t?) guarantees for Cases I and II; Case 0 is
the classical Euclidean Nesterov result, included to make explicit that the other two are genuine
generalizations. In all three cases, the proof skeleton (a Lyapunov sequence A;/\; shown to be
nonincreasing) is identical. The cases differ only in how inner products, distances, and momentum
updates are defined.



4 Main Results

In this section we collect all of our main convergence theorems for both the accelerated JKO scheme
and the accelerated Sobolev gradient ascent algorithm. All proofs are deferred to Appendix A and
Appendix B, respectively.

4.1 Accelerated JKO

The JKO scheme [33] constructs an implicit time-discretization for the Fokker—Planck equation

o _

L=V (V) + 870, (5)

via the recursion: given step size h > 0 and initial density p(?),

(1 .
p®) = argmin { —W3(p, p* V) + F(p) ¢, (6)
ST\ 2n

where F(p) = [V (z)p(z) dz + B~ [ p(x)log p(x) dz is the free energy functional and K is the set
of probability densities with unit mass and finite second moment.

Assumption 5 (Geodesic convexity). G : Py — (—00, +00] is lower semi-continuous, Dom(G) C P%,
and G is convex along generalized geodesics in the sense of Definition 2 (i.e., A =10).

Remark 6 (Non-strong convexity: the A = 0 case). In [19], strong convezity along generalized
geodesics (A > 0) gives an exponential contraction (1 +~y\/2)~! per step; at X\ = 0 their analysis
breaks down. Assumption 5 requires only geodesic convexity. Just as Nesterov acceleration restores
O(1/t%) in the Euclidean setting without strong convexity, Theorem 8 extends this principle to the
Wasserstein geometry.

The Accelerated JKO Scheme. Analogous to Nesterov acceleration, Algorithm 1 augments
JKO with a momentum sequence. Let G : Pa(R%) — (—o00, +00] be proper, lower semi-continuous,
and convex along generalized geodesics, with minimizer p*. Fix v > 0 and initialize zg = 29 € Pa(R%).
The scheme maintains the iterate x;, momentum buffer z;, and extrapolated point 3. At each step,
with oy = 3/(t + 3):

yr = (Vi) %2t Y= (1— o)Xy + a1d, (7)
1
Ti41 = arg min G(p) + —Wi(p, } , 8
vhi=arg min { (p) + 5 W2 (s ) (8)
Xit1 =T oYy, 9)
1
Zer1 = (Zeg1) 42t Zip1 = 1d + ;t(Xt+1 -Y), (10)

where T} is the OT map from y; to 441, and X; is the OT map from z; to z; (recomputed at the
start of each iteration). Note that X1 := T; oY} is a transport map from z; to xy4+1 but in general
not the OT map between them; this is sufficient for our analysis (cf. Remark 4).



Algorithm 1 Accelerated JKO — Nesterov-accelerated proximal descent in Wo

1: Input: step size v > 0, coefficients {at}z:ol, horizon T
2: Initialize: zg = 2y € Po(RY)

3: fort=0,1,..., 7 —1do

4: Compute OT map Xy = T from 2 to z;

5: Form the extrapolated measure

Yt < ((1 — O[t>Xt —+ Id)#Zt

6: Solve the proximal step

1
— in <G —W2(p,
Tiq1 arg;gg;{ (p)+27 5(p yt)}

7: Let Ty = T,/*" and set X;11 <+ Ty oY,
Update the momentum sequence

Zi41 (Id + O%(Xt+1 — Yt))#zt

9: end for

Convergence Results

Lemma 7 (One-step accelerated descent in Wasserstein space). Assume G is convex along generalized
geodesics and let p* € argmin G. Suppose that at step t there exist optimal transport maps

X =T,  P=T¢

zZt )
and define the generalized-geodesic interpolation as in (7)—(10). Then:

2 2
« * k « * *
iWQQ(ZtJrlap )+ G(zeg1) — G(p") < inz(Zt,P )+ (1 —a)(Glz) — G(p"))-

The proof is given in Appendix A.2. The key technical ingredients are the proximal subdifferential
identity (Lemma 13) and the monotonicity inequality for functionals convex along generalized
geodesics.

Theorem 8 (Accelerated JKO convergence). Under the same assumptions as Lemma 7, run
Algorithm 1 with oy = 3/(t+ 3) and zo = z9. Then for allt > 1,

Glzr) — G(p*) < =

< m W22(2'0,/3*) = O(tiz)'

More generally, defining A\j+1 := o2/ and the Lyapunov functional A, = %Wg(zt,p*) + G(xy) —
G(p*), one has Apy1/ Mr1 < A1/ for all t > 0, provided \(1 — o) < A1 Since g = 1, the first
step gives A1 < AW3(zg, p*), so the initial objective gap G(z¢) — G(p*) does not enter the bound.

The proof is given in Appendix A.3. The argument defines the Lyapunov sequence A/ \;, shows
that it is nonincreasing via Lemma 7, and verifies the coefficient condition for o = 3/(t + 3).

In contrast, under A-strong convexity along generalized geodesics (A > 0) and per-step error
1€n+1llpnsy <€, [19]’s Theorem 4.3 gives

— 2
Wi (pn,q) < (1+ %) "Wi(po, @) + 4,
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which provides exponential contraction only when A > 0 and an error floor O(2/\?) that diverges
as A — 0. Our bound is uniform in A at the O(1/t?) rate—optimal for first-order methods on convex
non-strongly-convex problems [48]—and applies under mere geodesic convexity.

Remark 9 (Approximate JKO steps). When each proximal step is solved only approximately, the
one-step lemma acquires an additional error term that, like the per-step error in standard inexact
Nesterov methods, may accumulate under acceleration. A sharp analysis of error propagation through
the Lyapunov sequence A¢/ Ny is left to future work; here we restrict attention to the exact-proz case
analyzed in Theorem 8.

4.2 Accelerated Sobolev Gradient Ascent

We consider the Kantorovich dual functional

7(5) = [ fau [ g

Its maximizers are Kantorovich potentials for the transport problem between p and v. A key point,
already implicit in the Sobolev-gradient approach to optimal transport, is that the first variation of
7 is meaningful even away from the class of c-concave functions. In particular, if g = VZ(f), then g
is characterized by the Neumann problem

—Ag=p—(Id=Vf)ur, inQ,
99—, on 09,

or, equivalently,

VI(f)=(=2)(u— 1d = Vf)pv),
with zero Neumann boundary conditions and the understanding that additive constants are irrelevant.
This observation allows one to optimize Z directly in the Sobolev geometry, without projecting after
every step onto the cone of c-concave functions.

The accelerated version is obtained by applying the usual Nesterov estimate-sequence idea in [34],
but now in the Hilbert space H'. Since H' is a Hilbert space, all Euclidean algebraic manipulations
carry over verbatim once inner products and norms are interpreted in H'. See the full pseudo-code
in Algorithm 2.

We now state the one step iteration lemma for Algorithm 2.

Lemma 10 (One-step accelerated ascent in Hl). Let f € H! be a mazimizer of . Then the iterates
of Algorithm 2 satisfy

2
a4

~ ~ a2 ~ ~
2 P = il + (D = ZG) < gL = FIl + (1= a0 (Z(H) - Z(F)).

The proof is given in Appendix B.1. Using this lemma we can prove our main convergence result.

Theorem 11 (Accelerated convergence of ASGA). Run Algorithm 2 with oy = 3/(t + 3), step size
n >0, and 20 = fO . Then for every t > 1,

I(f) - Z(fV) <

< m ”Z(O) - J?H%p = O(t_Q)a

where f is any mazimizer of Z. Since ag = 1, the initial dual gap I(f) —Z(f©) does not enter the
bound.



Algorithm 2 ASGA — Accelerated Sobolev Proximal Gradient Ascent

1: Input: step size n > 0, coeflicients {at}z:ol, horizon T
2. Initialize: f(© € H'(Q), 2(0) « f©)
3: fort=0,1,..., 7 —1do
4: Form the extrapolated point
5: Perform the proximal accelerated ascent update
1
76— argum {07) = L -9 |
> Notice this proximal step implicitly gives f(+D) = 4 4 vz (fE+D)
6: Update 2t via
L) () aﬂvz(f(t—i—l))'
t
7: end for

The proof is given in Appendix B.2. The argument parallels the JKO case: a Lyapunov sequence
Oy /N with A1 = a? /m is shown nonincreasing via Lemma 10, with the coefficient condition verified
for oy = 3/(t + 3).

Remark 12 (Smooth case via explicit gradient). Theorem 11 assumes an exact proximal oracle
for I, which has no closed form for the unregularized Kantorovich dual. When T is additionally
L-smooth in H! (i.e., VI is L-Lipschitz)—for example, after entropic regularization, where the
smoothed dual I° has a Lipschitz gradient—the same Lyapunov argument yields the same O(1/t?)
rate for the explicit-gradient variant of Algorithm 2 that replaces the proximal step on Line 5 with the
forward step fU+D) = 1) 4 nVI(y(t)) at any step sizen < 1/L. This explicit variant requires only a
single Sobolev-gradient evaluation (one Poisson solve) per iteration, and is the variant implemented
in our experiments (Appendiz C.5).

Table 1 summarizes the comparison. The O(T~/?) rate of WDHA and SGA [34] arises from
running gradient descent—ascent on the nonconvex—concave minimax barycenter formulation, and
bounds the squared Wasserstein gradient norm of the outer problem. WDHA attains this rate via
projection onto F, g, while SGA replaces the projection with the second convex conjugate at the
cost of dropping the strong-convexity and local smoothness regularity. ASGA improves the rate
quadratically to O(t=2) via Nesterov acceleration (available directly because H! is a Hilbert space)
while retaining the projection-free structure of SGA. Per-iteration cost depends on which version of
Algorithm 2 is used: the exact-prox formulation (Theorem 11) requires solving an inner non-quadratic
optimization for the proximal step, while the explicit-gradient smooth variant (Remark 12) requires
only a single Poisson solve per iteration, matching the per-iteration cost of SGA.

Multi-marginal extension. For the barycenter with m marginals (Eq. (1)), the dual formulation of
[34] introduces m Kantorovich potentials f1,..., f,, € H'(Q) with sum-to-zero constraint 3, w; f; = 0
and functional Zp, (f1, ..., fm) := Do, wi [ fidps + [ (3, wi f¢)dps, where p, is the barycenter. The
i-th Sobolev gradient is V1, Z,,, = (—A) ™ (u; — (Id — V f) £ps). Algorithm 2 extends component-wise

(one momentum sequence (zz-(t)) per i); Theorem 11 and Remark 12 carry over to the product Hilbert



Table 1: Comparison of WDHA, SGA, and ASGA for the Kantorovich dual. ASGA is the only method
achieving the O(t~?) rate, and does so without requiring the c-concavity projection of WDHA. ASGA admits
two variants: the exact-prox version (Theorem 11) and the smooth-explicit version (Remark 12).

Method Assumption Rate Projection-free?
WDHA [34] Strong concavity + smoothness O(T~Y/2)  No (F, s proj.)
SGA [34] Concavity (via ¢**) o(T~1/?) Yes
ASGA-prox (ours) Concavity + proximal oracle ot™2) Yes
ASGA-smooth (ours) Concavity + L-smoothness Ot™2) Yes
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Figure 1: Particle transport on the outer-ring target (v = 0.04, 25 blocks, 12,000 particles). Accelerated
JKO (W3 = 0.429) versus standard JKO (W2 = 0.611) at block 25, on a non-log-concave target outside the
strongly-convex regime where prior guarantees do not apply.

space (H')™ with weighted norm 3, w]| - H%Il' Discretization details, including how p, enters via
entropic transport plans, are in Appendix C.5.

5 Experiments

We validate both algorithms empirically. Full details appear in Appendix C.

Figure 1 shows particle transport on the outer-ring target ¢ o exp(—(r — 0.75)*/(2- 0.07%)),
a non-log-concave distribution outside the strongly-convex regime A > 0 (cf. Remark 6). From
po = N(0,1.52T) with v = 0.04, 25 blocks, and 12,000 particles, accelerated JKO reaches Wa = 0.429
at block 25 versus Wy = 0.611 for the standard scheme—a 30% reduction, widening with depth,
consistent with Theorem 8. Implementation details (network architecture, training schedule, W,
evaluation) are in Appendix C.1.

On 1-D Gaussian targets with closed-form proximal steps (Appendix C.2, Figure 2), the acceler-
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ated gap oscillates around and stays uniformly below the O(¢~2) reference while the standard gap
tracks the O(t~!) reference. In the strongly convex regime, A = 1, both converge exponentially at
comparable rates, with O(e_w‘t/ 2) dominating any asymptotic gain from acceleration. A depth-
scaling experiment (Appendix C.3, Figure 3) shows the standard final gap tracking the O(1/N)
reference and the accelerated final gap decaying at least as fast as O(1/N?), illustrating the A\-uniform
bound of Theorem 8. On the non-log-concave double-well target (Appendix C.4, Figure 4), standard
JKO makes negligible progress for the first 25 blocks, while the accelerated scheme begins converging
around block 13 and descends below the O(¢~2) bound. Finally, for the Wasserstein barycenter
problem (Appendix C.5, Figure 5), the ASGA dual gap tracks the O(t~?) reference while SGA
decays much more slowly over 400 iterations, with the gap ratio reaching 56 x at ¢t = 400, consistent
with Theorem 11.

6 Conclusion

We developed a unified accelerated proximal framework for optimization in Wasserstein and H!
spaces, instantiated as an accelerated JKO scheme and an Accelerated Sobolev Gradient Ascent
(ASGA) algorithm. Both follow the same three-sequence Nesterov-style recursion, differing only
in how the proximal operator and momentum update are realized in their respective geometries.
Accelerated JKO achieves O(1/t2) on the objective gap (with the squared Wasserstein distance to the
optimum bounded uniformly in ¢) under mere geodesic convexity of G, removing the strong-convexity
requirement of [19] and giving a bound uniform in A where the nonaccelerated O(g2/\?) floor diverges
as A — 0. ASGA achieves O(1/t?) for the Kantorovich dual problem, a significant improvement over
the O(1/+/T) rate of [34] while retaining its projection-free structure. Experiments illustrate these
rates and reveal a pronounced gap in the weakly- and non-strongly-convex regimes.

Limitations and future work. Our guarantees assume exact proximal steps and exact Sobolev
gradients. Sharp error propagation under momentum is left open, and is the natural next step
toward analyzing practical neural-JKO implementations where each proximal step incurs a learning
error. The ASGA rate is established under either an exact proximal oracle for the unregularized
Kantorovich dual (Theorem 11) or L-smoothness of the dual with explicit gradient (Remark 12).
The latter is what our experiments instantiate via entropic regularization, but an unregularized
proximal-oracle implementation is not addressed numerically. Our experiments are low-dimensional
and use Gaussian marginals; high-dimensional and more structured targets remain to be studied.
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A Proofs for the Accelerated JKO Scheme

A.1 Proximal Subdifferential Identity

Lemma 13 (Exact proximal optimality for the accelerated JKO step). Let G : Pa(R%) — (—o00, +00]
be proper and lower semicontinuous, with Dom(G) C P} (RY). Fix v > 0 and let

_ 1
Tyy1 € argmin {G(p) + ;Wf(p, yt)} ~
peP2(RY) v

Assume Yy, xi 41 € P5 (Rd), and let T} .= T;f“ be the optimal transport map from y; to xy+1. Then

Y, - X _ Ty, —1d
N1 1= 2t T Al OXt+11 — zt% c 8W2G<l't+1),

where X1 := Ty o Yy is any realization of xi41 over a common base measure z; and Yy is any
realization of y over the same base. Equivalently,

T, —1d
ieian EEE—S 8W2G(mt+1).
Proof. Define
1
Fi(p) == G(p) + EWQQ(PaZ/t)-

Since z;41 is an exact minimizer of Fy, we have
0e 8W2Ft(xt+1).

Now apply the proximal subdifferential identity (Lemma A.1 of [19], following Lemma 10.1.2 of [8])
with p = y; and p = xy41: if € € Ow, Fi(x441), then

Ty  —1d
&+ % S 8W2G(xt+1).

Taking & = 0 yields
T

~y
Finally, if y; = (Y;)#2 and x411 = (Xyq1) %2 with Xy =T} 0 Yy, then

—1Id
S 6W2G<Hft+1).

TYt o Xt+1 = }/t Zt-a.e.,

Ti41
hence e -
Ti ., — Y, — X
Ti+41 o Xt+1 _ t t+17
v v
which is the stated formula for 7.1. 0
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A.2 Proof of Lemma 7: One-Step Accelerated Descent

Proof. By definition of z;41 and since (Zyy1, P;)42 is a coupling of 241 and p*,

Wg(ztﬂ,p*) < || Zt+1 — PtHgt

Therefore
2 2
« % (6%
25 WiG1p") < 30l Zew = P,
2
Q; 2 1 2,
= %Hld — Pz, + %HXH-I - Yz, + 7<Id = P Xop1 = Yi)zy (11)
Since

a(Id—P) =Y — ((1 — o) Xt + atPt)a
the cross term can be rewritten as

a 1
SHId = Py Xy = Vi) = = (1= )Xo+ 0uPy = ¥, Xt = )

Zt

Hence (11) becomes

ai o * aj o * 1 2
%WQ (2t41,07) < %WQ (2, 07) + %HXtH = Y4z,
1
- ;((1 — @)X, + P - Y, Xip1 — Vi) (12)
2t
Now use Lemma 13. It gives
Y — X _
Nt+1 = tft—&-l o Xt+11 S 8W2G({L‘t+1).

By Lemma 13 (the proximal subdifferential identity), m.4+1 € Ow,G(x¢+1). We apply Proposition 3,
in its extended form (Remark 4), twice, in each case with base v = z; and current point 1 = x4
realized via the transport map X;y1 from z; to @41 (which is not in general the OT map):

e Taking ps = p* with OT map P; from 2z,
G(p*) = G(wes1) > (M1 0 Xer, B — Xog),, -

e Taking po = z; with OT map X; from z,

G(xt) = G(wig1) = (g1 0 Xegr, Xi — Xt+1>Zt-

Note that, in this extended form, Proposition 3 requires only that X;;1, P;, and X; be transport
maps from z; to their respective targets (P is in fact the OT map from z; to p*, and Xy the OT map
from z; to x4, but X411 = T} o Y; need not be optimal); the induced maps P; o Xt_+11 and X; o Xl;ll
likewise need not be OT. Multiplying the first inequality by oy, the second by (1 — ay), and summing
gives

(1 —at)G(x1) + aG(p") — G(41) > (1 0 Xig1, (1 — o) Xe + Py — Xyp1), -
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Using vy
t — X1
N1 0 Xip1 = %7

this becomes

(1 — at)G(xt) + OztG(p*) - G(xt—f—l) > — <(1 — Ott)Xt + OétPt Xt+1, Xt+1 — Y})Zt

1
v
1
— (1= )X + uPp =Yy, X1 — Vi),
_|_

1
;”le —Yill2,. (13)
Rearranging (13),

1 . 1
- (I =) Xy + P =Yy, X1 — Vi), < (1—a)G(21) + G (p") — G(2441) — ;HXtH ~ Y%,

Insert this into (12):
2 2
Ot 1179 * Ot 11,2 * 1 2
5W2 (zt11,0%) < ﬂWQ (21, p") + %HXtH - Yillz,

1
+ (1= a)Glar) + auG(p") = Glazen) =~ Xer = Vil

a? i . 1
= i 5 (2,0") + (1= ) G(@1) + G (p") — Glapg) — %HX)&H - i,
2
a!
< BB a0 ) + (1~ )Glr) + () — Glang).

Move G(p*) to the left-hand side to conclude
2

«Q * *
in(ther )+ G(zi1) = G(p7) <

A.3 Proof of Theorem 8: Accelerated JKO Convergence
Proof. By Lemma 7,

Aut = MW 1, 07) + Glaers) = Glo) < 2L W (7)o (1= ) (Glar) — GLp")).

Since A¢(1 — ay) < A4,

A A A
Ay < Zl < W (2, p )+G($t)—G(P*)) ZHLA,.

Dividing by A;11 yields

D1 D¢
A1 T N
Iterating from t = 1,
Ay A
— < h Ay <\ t>1
)\t )\1 s ence t t)\l



At t = 0, the choice ag = 3/(0 + 3) = 1 makes the coefficient (1 — ) in Lemma 7 vanish, so

A A
AL < GWi(0.p7),  he, TS

1 *

Combining,
)\ *
A < 5 Wi (z0.07).

Since G(xt) — G(p*) < Ay, the same bound holds for the objective gap. For the choice oy = 3/(t+3),
A =9/(7(t+2)*), so

G(w) — G(p*) < Wim WE(z0,%).

This proves the claim. O
B Proofs for the Accelerated Sobolev Gradient Ascent

B.1 Proof of Lemma 10: One-Step Accelerated Ascent

Proof. For brevity write

Yi = y(t), Je = f(t), Jer1 = f(t+1); Rt = Z(t), R+l = Z(Hl)a 9t = VI(fit1),

and define the Lyapunov increment

2
- o ~
A1 :=I(f) = Z(fi+1) + ﬁ”ztﬂ — fliZ,-

a2 r r3
Our goal is to show Ayyq < ﬁ”zt - f”%l +(1- Ozt)(I(f) fI(ft)).

Step 1 (expand the squared norm). Since zy11 = 2z + C%gt,

2 2
Sz = FI20 = Sz — FI%0 + anlze— Fra0m + 2llgil % (14)
2,7 H 277 H H 2 H

The relation y; = (1 — oy) fr + a2 gives oy (2 — f) =y — 1 —ay)fr — a.f, so the cross term in (14)
becomes

arlze— fog) = (e — (L —au) fr — aufrge) = (ferr —nge — (L — o) fi — o f g1),

where the last equation uses the update rule on line 6 in Algorithm 2. Plugging this into the
definition of A1,

~ 2 ~ ~
A =Z(f) = Z(feer) + ;%Hzt — I3+ (Fr —nge — (1= ) fi — o, g + g“gt”%p
~ 2 ~ ~
= T() =~ T + e = FIu + e = (=00 fo = auf g + (5 =) el

2 ~ -
SI(f) = Z(fesr) + %H% — FIE: + (forr — (L= a) fi — @, gedpn (15)
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Step 2 (bound the cross term by concavity). Concavity of Z at Jfi41 gives, for any w € H?,
Z(w) < I(ft+1) + (9t, w — fry1). Applying this with w = f; and w = f and combining with weights
(1 — o) and oy,

(1= a)Z(fy) + uZ(f) < Z(firr) + (ge, (1 — ) fo + auf — fera)-

Rearranging,

(fer1 — (L= o) fr — ouf, g1) < I(feg1) — (1 — a)Z(f2) — ouZ(f). (16)

Step 3 (combine). Substituting this bound into (15),

2 - " -
Ap1 < ;i; 2t = U2 +Z() = Z(ferr) + Z(fer1) — (1 — a)T(fe) — aeZ(f)-

The Z(fi+1) terms cancel and Z(f) — aZ(f) = (1 — o) Z(f), yielding

2 B -
Aps < %|yzt — %+ (1= ) (Z() — Z(f2)),

which is the claimed estimate. O

B.2 Proof of Theorem 11: Accelerated ASGA Convergence

Proof. Define
2

«
Apy1 = 4
n

and the Lyapunov quantity

@ = 20 — I, + Z(H) - T(O).

Lemma 10 states precisely that

A _ .
i1 < S50 Flf + (1= a)(Z() - Z(F)).
If
Ae(1 = o) < Mgy, (17)
then
Dot < 2L (S0 — f2, +2() - () ) = 2o
=\ 2 H PV

Dividing by A\¢+1 yields

i1 _ %’

Ayl T M

so by iteration from ¢t = 1,

o
O < N—,  t>1.
A1

At t = 0, the choice ap = 3/(0 + 3) = 1 makes the coefficient (1 — ap) in Lemma 10 vanish, so
o, 1

ALy ) 712 -
(I)l < ?HZ - f”Hlv Le., )\1 < 2

(B
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Combining,

I(F) - () < @ < 20 - i,

For oy = 3/(t+3) we have A1 = 9/(n(t +3)?), so Ay = 9/(n(t +2)?). The coefficient condition (17)
reduces to

9 t 9
: <
n(t+2)2 t+3 = n(t+3)2

which holds for all t > 0. We conclude that

M(1—ap) = =\y1 = tt+3)<(t+2)? = 0<t+4,

9

I(f) _I(f(t)) < W

12 — Il

as claimed. O

C Experiments

We present five experiments validating the guarantees of Sections 4.1-4.2: the 2D outer-ring particle
transport from Figure 1 (Appendix C.1), three further experiments on the accelerated JKO scheme
(Theorem 8), and one for ASGA (Theorem 11). All experiments were run on CPU and the code is
included in the supplementary material.

C.1 Accelerated JKO: 2D Outer-Ring Particle Transport (Figure 1)

Setup. We compare standard and accelerated JKO on a 2D non-log-concave target
a(@) o< exp(~(lal] - 0.75)2/(2-0.07)), @ e [-1,1)%

with G(p) = KL(p||q), step size v = 0.04, and N = 25 blocks.

Iterate representation. The iterate p; is a fixed cloud of n = 12,000 particles whose locations are
updated each block (no reweighting; uniform empirical mass throughout the run). The accelerated
variant additionally maintains an auxiliary cloud z; of the same size, with particle indices shared
across the two clouds (so the implicit coupling between z; and z; is the index-identity coupling, and
T;oYj is realized as the index-aligned application of the trained map). Initialization: 2o ~ N(0, 1.5%15)
with 12,000 i.i.d. samples; zg = xg.

Proximal step. Each block solves

Typ1 = arg mpin{KL(qu) + %Wf(p,yt)}

by training a fresh residual MLP Ty(z) = x + MLPy(x) with three hidden layers of width 256 and
SiLU activations (final layer zero-initialized so Ty starts as the identity). The block-level objective is
1
L(6) = By |~ oga(Ty(x)) ~ logldet VIy(2)|| + 5 Buy, | To(a) — /],
the first term being KL((Ty)4y: || ¢) up to an z-independent constant. The Jacobian determinant
is computed via vmap(jacrev(...)) and torch.linalg.slogdet. Optimization: 800 epochs of
mini-batch Adam, batch size 1024, learning rate cosine-annealed from 2x1072 to 107, gradient-
norm clipping at 5. After training, particles are clamped to [—2.5,2.5]% (x;) and [—3.5,3.5]? (2) for
numerical stability.
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Pushforward and momentum. The extrapolated measure y; is realized as a particle-wise convex
combination y; = (1—ay)x:+ 2 over index-matched particles, with ap = 3/(t+3). After training Tj
to approximate the proximal map at y;, the updates are ;11 = Ty(y;) and 241 = ze + (Te41 — yt) /v,
applied per particle. The standard baseline uses the same MLP architecture, training schedule, and
clamping bounds, but omits the z; cloud and the momentum interpolation.

Target representation and logq. We discretize ¢ as a 256 x 256 image on [—1,1]2, normalize
to sum to 1, and take logs (with the maximum shifted to 0; this affects only an additive constant
and not Vlogq). logq(z) is then evaluated for arbitrary x via bilinear grid_sample with border
padding, yielding a smooth and differentiable surrogate. Samples from ¢ are drawn via inverse-CDF
on the flattened grid plus uniform within-cell jitter.

Reporting. The reported W, at block 25 is computed as the Sinkhorn divergence
(geomloss.SamplesLoss with p = 2, blur = 0.01, scaling = 0.95) between a uniform sub-
sample of 4,096 iterate-particles and a fixed reference of 4,096 i.i.d. samples from g drawn once at
the start of the run. Reported numbers are therefore Sinkhorn-divergence approximations, not exact
Wa.

Reproducibility. Random seed 0 is applied at the start of each run via torch.manual_seed and
numpy . random. seed; the standard and accelerated runs re-seed independently so they begin from
the same initial particle cloud. The reference sample for W5 uses seed 777. Code is included in the
supplementary material.

Results. The accelerated scheme reaches Wy = 0.429 at block 25 versus Wy = 0.611 for the
standard scheme—a 30% reduction that widens with depth (Figure 1). The target is non-log-concave,
falling outside the strongly-convex regime where the analysis of [19] provides guarantees, while
Theorem 8 applies under the geodesic-convexity assumption alone.

C.2 Accelerated JKO: Convergence Rates on Gaussian Targets

Setup. We work in d = 1 with target ¢ = N(0,\7!) and objective G(p) = KL(p||q). The
JKO proximal step for this Gaussian family admits a closed-form solution [19], so every iterate
is exact (¢ = 0). We initialize at pg = N(5,2.5?), set v = 0.5, and compare standard JKO
(pn+1 = Prox,c(pn)) against Algorithm 1 with oy = 3/(t + 3).

Results. Figure 2 shows results for two values of .

At A = 0.04 (panel (a), log-log scale), A is small enough that, over the iteration horizon shown,
standard JKO is in a transient regime where the gap tracks the O(t~!) reference, before the geometric
rate (1 4+ +\/2)~7 would eventually dominate. The accelerated gap exhibits oscillatory behavior
but stays uniformly below the O(t~2) reference. The ratio of gaps reaches over 90,000 by ¢ = 300.
At A =1 (panel (b), log-linear scale), both methods converge exponentially, consistent with [19].
Standard JKO converges faster in this strongly convex regime, as expected: the exponential rate
O(e*'y)‘t/ 2) dominates any polynomial gain from acceleration when X is large.

C.3 Accelerated JKO: Depth Scaling and Behavior as A\ — 0

Setup. Using the same Gaussian setting, we run two further comparisons. For the depth sweep we
fix A =0.04, v = 0.5, and vary N € {4,8,16, 32,64, 128}, recording G(pn) — G(p*). For the \ sweep
we fix N =200, v = 0.5, and vary A € {1.0,0.5,...,0.001}.
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Figure 2: Standard vs. accelerated JKO on 1-D Gaussian targets (y = 0.5, initialized at N'(5,2.5%)). (a)
A = 0.04, log-log scale. (b) A = 1, log-linear scale. Dashed lines show O(t~1) and O(t~?) references. The
accelerated gap stays uniformly below the O(t~2) reference in the weakly convex regime, consistent with
Theorem 8, while the standard scheme tracks the O(t~1) reference. Both methods converge exponentially at
comparable rates in the strongly convex regime.

Results. Figure 3 shows the results.

In the depth sweep (panel (a)), the accelerated final gap shrinks much faster with N than the
standard final gap, consistent with the predicted O(1/N?) vs. O(1/N) rates. The ratio between them
grows with IV and reaches 1547x at N = 128. The A sweep (panel (b)) illustrates how the finite-time
contraction rate of standard JKO degrades as A — 0. With closed-form Gaussian proximal steps
every iterate is exact (¢ = 0), so the asymptotic error floor is zero for both methods; the widening
gap reflects that for fixed N = 200, the geometric contraction (1 +~A/2)~" in [19] approaches 1 as
A — 0, while the accelerated bound is uniform in A. The two curves separate by two to four orders
of magnitude across A € [1073,1071].

C.4 Accelerated JKO Beyond the Strongly Convex Regime: Double-Well Target

Setup. We demonstrate the qualitative gap of Remark 6 on a non-Gaussian, non-log-concave
target outside the strongly-convex regime:

q=3N(2.0,0.7%) + IN(-2.0, 0.7%).

We use the variational family p(m, s) = N (m, s?) + AN (—m, s?), which contains ¢ exactly. Each
proximal step is solved by L-BFGS-B over (m, log s) with KL(p||¢) computed by numerical quadrature;

v = 0.5, N = 40 blocks.

Results. Figure 4 shows KL(p||/¢) on a log-linear scale. Standard JKO makes essentially no
progress for the first 25 blocks, reflecting the absence of a strong-convexity-driven contraction factor
on this target. The accelerated scheme begins converging around block 13 and descends below the
O(t~2) reference line, indicating that the theoretical bound is not tight in this setting.

23



(a) A=0.04, varying N (b) N=1200, varying A

100 4
=—8— Standard JKO =@— Standard JKO
== Accelerated JKO 102 { =@ Accelerated JKO
O(1/N)
1071 4 2
O(1/N?) 10-6 4
-10 |
1072 4 10
T T 1071
Q‘ i 10-18
10-4 4 10-22
10726 -
10—5 4
10730 .
T T T T T T
10t 102 10° 107t 1072 1073
Number of blocks N A

Figure 3: Further Gaussian comparisons (y = 0.5). (a) Final gap vs. depth N at A = 0.04. (b) Final gap
after N = 200 blocks vs. A. Panel (a) shows the standard final gap tracking the O(1/N) reference and the
accelerated final gap decaying at least as fast as O(1/N?), with a ratio of 1547x at N = 128. Panel (b)
illustrates the A-uniform bound of Theorem 8: the accelerated gap grows only mildly as A — 0, while the
standard gap grows by orders of magnitude.

C.5 ASGA: Convergence on the Wasserstein Barycenter Problem

Setup. We validate the O(1/t?) ASGA rate (Theorem 11 and Remark 12) on the barycenter
problem with m = 4 equally weighted Gaussian marginals ;; = N(c;,0.07?) at centers ¢; €
{0.15,0.35,0.65,0.85} on a uniform grid of n = 60 points in [0, 1], with entropic regularization
e = 0.008. The regularization renders the dual functional Z®* L-smooth, so we instantiate the
smooth-explicit variant of Algorithm 2 (Remark 12): the proximal step on Line 5 is replaced by
the explicit forward step f+D « y® 4 nVZe(y®). Both SGA (fixed step 7, last iterate) and
the explicit ASGA (a; = 3/(t + 3), last iterate) are initialized at fi(o) = 0. The Sobolev gradient
VI (fi) = (—A) Y —7"), where mI°% denotes the first marginal of the entropic optimal transport
plan between p; and the current dual variable, is computed via a tridiagonal Poisson solve (Neumann
boundary conditions). The Lipschitz constant is estimated empirically by finite differences, giving
L =~ 0.015 and n = 67. The reference Z* is approximated by 3000 ASGA iterations.

Results. Figure 5 shows the dual gap I(f) — Z(f®) over 400 iterations on a log-log scale. The
ASGA gap stays close to the O(t~?) reference while the SGA gap decays much more slowly; the
ratio between them grows to 56x at ¢ = 400.

Remark 14. The baseline here is smooth gradient ascent at rate O(1/T), not the subgradient rate
O(1/V/T) reported for SGA in [34].
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Figure 4: Standard vs. accelerated JKO on the double-well target ¢ = 2N(2,0.72) + 1N (—=2,0.7%) (y = 0.5,
40 blocks). Log-linear scale; dashed line is the O(t~2) theoretical bound. Standard JKO stalls for 25 blocks
since no strong-convexity contraction is available on this non-log-concave target, whereas the accelerated
scheme begins converging around block 13 and descends below the theoretical bound, indicating that the
bound is not tight in this setting.
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Figure 5: SGA vs. ASGA on the Wasserstein barycenter dual (m = 4 Gaussian marginals, n = 60, ¢ = 0.008,

n ~ 67). Log-log scale; dashed line is the O(¢~2) reference. The ASGA gap stays close to the O(t~2) reference,
with a gap ratio of 56x over SGA at ¢ = 400.
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